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Abstract
The Wielandt subgroup, the intersection of normalizers of subnormal subgroups, is
non-trivial in any finite group and thus gives rise to a series whose length is a measure
of the complexity of a group’s subnormal structure. Another measure, akin to the
nilpotency class of nilpotent groups, arises from the strong Wielandt subgroup, the
intersection of centralizers of nilpotent subnormal sections. This thesis begins an
investigation into how these two invariants relate in finite soluble groups.
Complete results are obtained for metabelian groups of odd order: the strong
Wielandt length of such a group is at most one more than its Wielandt length, and
this bound is best possible. Some progress is made in the wider class of groups with
p-length 1 for all primes p. A conjecture for all finite soluble groups, which may be
regarded as a subnormal analogue of the embedding of the Kern, is also considered.
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Notation and terminology
In the following
• G is a group and H,Hi, K are subgroups of G;
• g, gi, h, k are elements of G;
• X,Y are classes of groups;
• ϕ is a homomorphism;
• α is a subgroup function;
• p is a prime, q is a power of a prime and pi, pii are sets of primes;
• n is a natural number.
Notation
H 6 G, H < G H is a subgroup, proper subgroup of G
H G, H G H is a normal subgroup†, subnormal subgroup† of G
H · G, H · G H is minimal normal†, maximal normal in G
HK the set {hk |h ∈ H, k ∈ K}
H oK the semidirect product of H and K, with HHK and H∩K = 1
H ×K the direct product of H and K, with H,KHK and H ∩K = 1
H oK the regular wreath product of H and K, with base group isomor-
phic to H × · · · ×H︸ ︷︷ ︸
|K|
pin projection onto the n
th factor of a direct product, given by
pin : (g1, g2, . . .) 7→ gn
†not necessarily proper
xiii
xiv NOTATION AND TERMINOLOGY
α(G÷H) the pre-image in G of α(G/H), where H G
αn(G)
{
1 if n = 0
α(G÷ αn−1(G)) if n > 1
gh h−1gh, the conjugate of g by h
[g, h] g−1h−1gh = g−1gh, the commutator of g and h
[g1, . . . , gn] [ [g1, . . . , gn−1], gn] for n > 3
[H,K] 〈 [h, k] |h ∈ H, k ∈ K〉
[H1, . . . , Hn] [ [H1, . . . , Hn−1], Hn] for n > 3
[H, nK] [H,K, . . . ,K︸ ︷︷ ︸
n
]
G′ [G,G], the derived subgroup of G
G(n)
{
G if n = 0
(G(n−1))′ if n > 1
, terms of the derived series of G
γn(G)
{
G if n = 1
[γn−1(G), G] if n > 2
, terms of the lower central series of G
ζ(G) the centre of G
ζ∞(G)
⋃∞
n=1 ζn(G), the hypercentre of G
GX, GN the X-residual (if it exists), nilpotent residual of G (smallest nor-
mal subgroup with X-quotient, nilpotent quotient)
GX, FitG the X-radical (if it exists), Fitting subgroup of G (largest normal
X-subgroup, nilpotent subgroup)
c(G), d(G), l(G) the nilpotency class, derived length, nilpotent length of G (length
of shortest series with central, abelian, nilpotent factors)
CG(H) the centralizer of H in G
CG(H/K) the pre-image in G of CG/K(H/K), where K G
xv
NG(H) the normalizer of H in G
NG(H) CNG(H)(H/H
N), the strong normalizer of H in G
κ(G) the Kern of G (intersection of normalizers of all subgroups)
ω(G) the Wielandt subgroup of G (intersection of normalizers of sub-
normal subgroups)
ω(G) the strong Wielandt subgroup of G (intersection of strong nor-
malizers of subnormal subgroups)
ω p(G) the p-Wielandt subgroup of G (intersection of normalizers of p′-
perfect subnormal subgroups)
ω p(G) the p-strong Wielandt subgroup of G (intersection of strong nor-
malizers of p′-perfect subnormal subgroups)
wl(G), wl(G) the Wielandt length, strong Wielandt length of G (least n such
that ωn(G) = G, ωn(G) = G)
FratG the Frattini subgroup of G (intersection of maximal subgroups)
CosocG the cosocle of G (intersection of maximal normal subgroups)
SocG the socle of G (product of minimal normal subgroups)
CoreG(H) the core of H in G (largest subgroup of H which is normal in G)
HG the normal closure of H in G (smallest normal subgroup of G
which contains H)
HG,n
{
G if n = 0
HH
G,n−1
if n > 1
s(G : H) the (subnormal) defect of H in G (for H G, the least n such
that HG,n = H)
|g| the order of g (least positive n such that gn = 1)
|G| the order of G (number of elements in G)
|G : H| |G|/|H|, the index of H in G
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pi(G) the set of prime divisors of |G|
p′, pi′ the set of primes not in {p}, pi
Sylp(G) the set of Sylow p-subgroups of G
Hallpi(G) the set of Hall pi-subgroups of G
Gp, Gpi a Sylow p-subgroup, Hall pi-subgroup of G
Opi(G) the pi-residual of G (smallest normal subgroup with pi-quotient)
Opi1···pin(G) Opin(Opi1···pin−1(G))
Opi(G) the pi-radical of G (largest normal pi-subgroup of G)
Opi1···pin(G) Opin(G÷Opi1···pin−1(G))
AutG the group of automorphisms of G
PautG the group of power automorphisms of G (those ϕ ∈ AutG such
that for all g ∈ G, gϕ = gn for some integer n depending on g)
A, N, S, E, G the class of finite abelian groups, finite nilpotent groups, finite
soluble groups, all finite groups, all groups
XY the class of groups which have a normal X-subgroup with Y-
quotient
X×Y the class of groups which are the direct product of an X-group
and a Y-group
Xpi the class of pi-groups in X
Xpi1···pin Xpi1···pin−1Xpin
Fq the field with q elements
Cn the cyclic group of order n
V4 the Klein 4-group, with presentation 〈x, y |x2 = y2 = (xy)2 = 1〉
Sn the symmetric group of degree n;
S3 has presentation 〈a, b | a3 = b2 = (ab)2 = 1〉, and
S4 ∼= V4 o S3 is
〈
x, y, a, b |xa = y, xb = y, ya = xy, yb = x〉
xvii
An the alternating group of degree n;
A4 = 〈x, y, a〉 as a subgroup of S4
D2n the dihedral group of order 2n, with presentation
〈r, l | rn = l2 = (rl)2 = 1〉
Q8 the quaternion group of order 8, with presentation
〈i, j | i4 = 1, j2 = i2, ij = i−1 〉
GLn(q) the general linear group of degree n over Fq;
GL2(3) ∼= Q8 o S3 is
〈
i, j, a, b | ia = j3, ja = ij, ib = j, jb = i〉
SLn(q) the special linear group of degree n over Fq;
SL2(3) = 〈i, j, a〉 as a subgroup of GL2(3)
Ep for p odd, the extra-special group of order p
3 and exponent p,
with presentation 〈u, v |up = vp = [u, v, u] = [u, v, v] = 1〉
Terminology
G is a pi-group pi(G) ⊆ pi
G is pi-perfect Opi(G) = G
G is p-nilpotent Op′p(G) = G, or equivalently O
pp′(G) = 1
G has pi-length 1 Opi′pipi′(G) = G, or equivalently O
pi′pipi′(G) = 1
G is an X-group G ∈ X
G is a T -group all subnormal subgroups of G are normal
G is Dedekind all subgroups of G are normal
G is Hamiltonian G is Dedekind and non-abelian
G is an A-group all Sylow subgroups of G are abelian
G is monolithic G has a unique minimal normal subgroup (the monolith
of G)
G is single-headed G has a unique maximal normal subgroup
xviii NOTATION AND TERMINOLOGY
G is perfect G = G′, or equivalently G = GN
G is elementary abelian G ∼= Cp × . . .× Cp︸ ︷︷ ︸
n
for some n and p
G is n-generator G can be generated by n elements, but no smaller set of
elements generates G
H and K permute HK = KH or equivalently HK 6 G
section of G H/K with K H 6 G
composition factor of G simple section H/K with H G
chief factor of G section H/K with K G and H/K · G/K
ϕ is universal ϕ ∈ PautG and there exists an integer n with gϕ = gn
for every g ∈ G
X is Sn-closed X = SnX, ie X is closed for subnormal subgroups (G ∈ X
and H G implies H ∈ X)
X is Q-closed X = QX, ie X is closed for quotients (G ∈ X and H  G
implies G/H ∈ X)
X is N0-closed X = N0X, ie X is closed for normal products (H,K  G
and H,K ∈ X implies HK ∈ X)
X is R0-closed X = R0X, ie X is closed for subdirect products (H,KG
and G/H,G/K ∈ X implies G/(H ∩K) ∈ X)
X is saturated X = EΦX, ie X is closed for Frattini extensions (H  G,
H 6 FratG and G/H ∈ X implies G ∈ X)
X is a formation X is Q-closed and R0-closed
X is a Fitting class X is Sn-closed and N0-closed
Chapter 1
Introduction
The Wielandt subgroup of a group G, denoted ω(G), is the normalizer of all subnor-
mal subgroups of G. The Wielandt series
1 = ω0(G) 6 ω1(G) 6 ω2(G) 6 · · ·
is then defined by ωi+1(G)/ωi(G) = ω(G/ωi(G)). The least n for which ωn(G) = G,
if it exists, is called the Wielandt length of G and denoted wl(G). We may regard
the Wielandt subgroup, series and length as measures of the complexity of a group’s
subnormal structure. The class of groups with Wielandt length one is precisely the
class of T -groups, those in which every subnormal subgroup is normal.
In [38] Helmut Wielandt, for whom the subgroup and series are named, showed
in particular that every finite group has non-trivial Wielandt subgroup, and conse-
quently Wielandt length is well-defined. Since then there has been much interest in
the influence that Wielandt length has on other group invariants. The major results
in this direction are the following bounds on nilpotent length and derived length for
finite soluble groups; they were found, respectively, by Camina in [8] and by Bryce
and Cossey in [7].
Theorem 1.1. Let G be a finite soluble group with n = wl(G). Then
(a) l(G) 6 n+ 1;
(b) d(G) 6

5m if n = 3m
5m+ 2 if n = 3m+ 1
5m+ 4 if n = 3m+ 2
.
It was also established in [7] that all of these results are best possible. Mean-
while Ormerod has investigated how the nilpotency class of p-groups is bounded
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by Wielandt length in [28], [29], [30], [31] and [32]. Wielandt observed in [38] that
the defect of any subnormal subgroup is at most the Wielandt length of the parent
group.
On the other hand, the problem of bounding Wielandt length in terms of other
invariants is not so tractable. Indeed there exist metabelian nilpotent groups of
arbitrarily large Wielandt length, and so a priori there is no such bound in terms of
derived or nilpotent length. Nor is there a bound in terms of the maximum defect
of a group’s subnormal subgroups, as an embedding result [18] of Hawkes shows.
The situation in which both nilpotent length and maximum defect are prescribed
is more promising, however. It was investigated by Casolo in [10]. There he found
it useful to introduce a special subgroup of the Wielandt subgroup, which he called
the strong Wielandt subgroup. For a group G it is defined to be the centralizer of
all nilpotent subnormal sections of G, and is denoted ω(G). It too is non-trivial for
any finite group G, thus in the usual way we can define a strong Wielandt series
1 = ω0(G) 6 ω1(G) 6 ω2(G) 6 · · ·
which terminates at G and whose length is denoted wl(G). Clearly ω(G) 6 ω(G)
and so wl(G) 6 wl(G). However Casolo points out that
. . .we do not know the exact relation between ωn(G) and ωn(G) (and thus
between the two corresponding lengths). In particular we do not know
whether there exists a positive integer m such that ω(G) 6 ωm(G) for
all groups G.
In this thesis we begin a more detailed investigation of how the Wielandt and strong
Wielandt series interact in a finite soluble group. Only partial results are obtained,
but this fact serves to highlight the complexity of the task.
1.1 Summary of main results
Chapter 2 reviews the definitions and known results that will be used throughout.
Some preliminary lemmas are also established and two group constructions are dis-
cussed.
In Chapter 3 we consider the following conjecture, motivated by Casolo’s question
in [10]:
Conjecture A. If G is a finite soluble group then ω(G) 6 ω2(G).
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This can be regarded as a possible generalisation of Schenkman’s result [35] con-
cerning the embedding of the Kern. While a proof is still a long way off, we have
been able to settle the conjecture for an important class of groups which will feature
heavily in this thesis: those with p-length 1 for all primes p.
Corollary 3.21. Let G be a finite group with p-length 1 for all primes p. Then
ω(G) 6 ω2(G).
For the class of all finite soluble groups the best results we have obtained in this
direction are the following two necessary conditions for Conjecture A:
Theorem 3.14. If G is a finite soluble group then [ω(G),FitG] 6 ω(G).
Corollary 3.15. If G is a finite soluble group then ω(G)′ 6 ω(G).
Chapter 4 deals with the question of whether there is a lower version of the
strong Wielandt series akin to the lower central series of nilpotent groups. Again
only partial answers are obtained, but the following very useful result emerges (refer
to page xiv or Notation 2.2 for an explanation of ÷ notation).
Corollary 5.14. Let n be a positive integer and G a finite group with p-length 1 for
all primes p. If N1, . . . , Nk G then⋂
i
ωn(G÷Ni) = ωn(G÷
⋂
iNi).
In particular the class of finite groups with p-length 1 for all primes p and strong
Wielandt length at most n is a formation.
It will be used throughout Chapter 5 to find, in certain classes of groups, some exact
bounds on strong Wielandt length in terms of Wielandt length. In Section 5.4 we
are able to extend results of Ormerod [32] on the relationship between the Wielandt
series and upper central series of metabelian p-groups.
Theorem 5.21. If G is a metabelian group of odd order then for all n > 0
[ωn(G), G] 6 ωn(G).
In particular ωn(G) 6 ωn+1(G), for all n > 0, and wl(G) 6 wl(G) + 1.
For the larger class of groups with p-length 1 for all p we obtain, in Section 5.6, the
following bounds for small Wielandt length. Notice that they agree with the bounds
on derived length in Theorem 1.1.
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Theorem 5.25. Let G be a finite group with p-length 1 for all primes p.
(a) If wl(G) = 2 then wl(G) 6 4;
(b) If wl(G) = 3 then wl(G) 6 5;
(c) If wl(G) = 4 then wl(G) 6 7;
(d) If wl(G) = 5 then wl(G) 6 9.
A number of other bounds on strong Wielandt length are obtained in Chapter 5.
Following Ali [2] we establish yet another characterisation of finite groups with p-
length 1 for all primes p.
Theorem 5.40. A finite group G has p-length 1 for all primes p if and only if
HN/N ∩ ω(G/N) 6 ω(HN/N)
for all H 6 G and N G.
It follows easily that the strong Wielandt length of such a group bounds that of its
subgroups, a property which is far from true in general.
Chapter 6 is devoted to the following observation about the embedding of nilpo-
tent residuals of subnormal subgroups.
Theorem 6.1. Let G be a finite soluble group with Ni  G for i = 1, . . . , k and
SG. If SN 6 N1 · · ·Nk then SN = (SN ∩N1) · · · (SN ∩Nk).
Finally in Chapter 7 we discuss some of the important open questions and make
a number of conjectures.
1.2 Notes for the reader
Notation used in this thesis is based on that appearing in the article [10] of Casolo
and the books [14] of Doerk and Hawkes and [34] of Robinson. The reader is referred
to the list of notation and terminology on pages xiii–xviii.
Take particular note of the presentations of some well-known small groups. Many
of the examples we construct will depend implicitly on the specific generators and
relations of these groups appearing on pages xvi–xvii.
For the convenience of the reader, Appendix A contains a list of every result
which is cited in the sequel. The statements appear exactly as they do in their
source, and consequently some of the notation will differ from that used in the main
body of this thesis.
Chapter 2
Preliminaries
This chapter is dedicated primarily to reminding the reader of the definitions and
standard results which will be used in this thesis, although some new results will also
be presented. Two methods of constructing examples are discussed in Section 2.4.
2.1 Subgroup functions
Throughout this thesis we will be interested in the construction of certain canonical
subgroups, not least of all the Wielandt and strong Wielandt subgroups. Those we
will encounter are all instances of the following general concept.
Definition 2.1. Denote the class of all groups by G. A function α : G → G is a
subgroup function if for every G ∈ G
(i) α(G) is a subgroup of G; and
(ii) α(G)ϕ 6 α(Gϕ) for every homomorphism ϕ of G.
The following properties, which will be used frequently, follow immediately from the
definition:
(iii) α(G)N/N 6 α(G/N) for every N G;
(iv) α(G)ϕ = α(Gϕ) when ϕ is an isomorphism; and
(v) α(G) is a characteristic subgroup of G.
We have found it useful to employ the following notation.
Notation 2.2. If N  G denote by α(G ÷ N) the normal subgroup A of G such
that A/N = α(G/N).
5
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Notice that observation (iii) of Definition 2.1 states that α(G) 6 α(G ÷ N) for
every N G. The most general formulation of this property, and the one which will
be used most often, is
(vi) if M,N G and M 6 N then α(G÷M) 6 α(G÷N).
2.2 Miscellaneous results
In this section we present some well-known, and often straightforward, results which
will be used frequently in the sequel. In many cases a specific reference to the result
as stated has not been found, and so a proof is provided for completeness.
The first important result is due to Wielandt and appears as [37, 1.5]. It will be
used throughout this thesis without further reference.
Theorem 2.3. Let H and K be subnormal subgroups of a finite group G. Then
HNK = KHN and 〈H,K〉N = HNKN.
Lockett proved in his PhD thesis [25] that, if we restrict to the join of normal
subgroups, an analogous result holds for the residual associated with any Fitting
formation (see for example [14, 2.12]).
Theorem 2.4. Let F be a Fitting formation and G a finite group with normal
subgroups N and M . Then (NM)F = NFMF.
Additional information about residuals is provided by the next important result
of Shult [36] (see [14, IV,5.18]). Recall that a normal subgroup N of a group G is
said to be complemented in G if there exists a subgroup H of G such that G = HN
and H ∩N = 1.
Theorem 2.5. Let F be a saturated formation and G a finite group. If GF is abelian
then it is complemented in G.
Next we recall some well-known facts about soluble T -groups. Since every
subgroup of a nilpotent group is subnormal, the class of nilpotent T -groups co-
incides with the class of Dedekind groups, those in which every subgroup is normal.
Dedekind’s classification [12] of such groups will be used frequently (see for example
[34, 5.3.7]).
Theorem 2.6. A group G is Dedekind if and only if either G is abelian or G is
isomorphic with Q× E × A, where Q is quaternion of order 8, E is an elementary
abelian 2-group and A is an abelian group with elements of odd order.
2.2. MISCELLANEOUS RESULTS 7
Theorem 2.7. A finite soluble T -group G has the following properties:
(a) G is metabelian;
(b) GN is an odd order abelian Hall subgroup of G;
(c) every subgroup of G is a T -group;
(d) every chief factor of G is cyclic of prime order;
(e) for every prime p, G/Op′p(G) is cyclic of order dividing p− 1;
(f) G is p-nilpotent for the smallest prime p dividing |G|.
Proof. Part (a) was proved for arbitrary soluble T -groups by Robinson in [33] (see
[34, 13.4.2]), while parts (b) and (c) are due to Gaschu¨tz [16] (see [34, 13.4.4,13.4.7]).
For (d) we observe that in a T -group the concepts of composition series and chief
series coincide.
For part (e) we may assume without loss of generality that Op′(G) = 1. Set
P = Op(G), which is the unique Sylow p-subgroup of G since G is metabelian. The
2-chief factors of G are central, having order 2, thus G is 2-nilpotent and we may
assume that p is odd. In particular P is abelian. Let H/K be a p-chief factor
of G, which has order p by (d). If g ∈ G then by [34, 13.4.3] g acts on P as a
universal power automorphism, as nth powers say. It is clear that g centralizes H/K
if and only if n ≡ 1 (mod p), and it follows that the centralizers of all p-chief factors
coincide. On the other hand [34, 9.3.3] shows that P is the intersection of all such
centralizers, thus P = CG(H/K) and G/P acts as a group of automorphisms on
H/K. Part (e) is proved since Aut(H/K) ∼= Cp−1, and (f) follows at once since
gcd(|G|, p− 1) = 1 if p = min pi(G).
The next observation establishes that the class of T -groups is not closed for direct
products.
Lemma 2.8. Let G be a finite soluble group. Then G×G is a T -group if and only
if G is abelian.
Proof. Suppose G × G is a T -group, set F = FitG and choose g ∈ G. Then for
every a ∈ F we have 〈(a, a)〉 G×G so that
(ag, a) = (a, a)(g,1) ∈ 〈(a, a)〉
and ag = a. Thus g centralizes F and it follows that G 6 CG(F ) = ζ(F ), via
[34, 5.4.4]. The reverse implication is clear.
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In general chief factors of a group have some very useful properties, as outlined
in the next two results.
Lemma 2.9. Let G be a group with chief factor H/K and normal subgroups N and
M . Then HN/KN and (H ∩M)/(K ∩M), if non-trivial, are chief factors of G.
Proof. If HN/KN > J/KN  G/KN then H/K > (J ∩ H)/K  G/K so that
J ∩H = K or H. Thus
J = J ∩HN = (J ∩H)N = KN or HN
and HN/KN is a chief factor, if non-trivial.
If (H ∩M)/(K ∩M) > J/(K ∩M)G/(K ∩M) then H/K > JK/K G so
that JK = K or H. Thus
J = J(K ∩M) = JK ∩M = K ∩M or H ∩M
and (H ∩M)/(K ∩M) is a chief factor, if non-trivial.
Lemma 2.10. Let G be a finite group with subgroup H and subnormal subgroup S.
If [H,S] = H then H 6 SN. In particular if M is a minimal normal subgroup of G
then either M 6 ζ(G) or M 6 GN.
Proof. Let S have defect n, then
[H, nS] 6 [G, nS] 6 SG,n = S
by [34, 13.1.3]. Since H = [H,S] it follows that H = [H, kS] for any k, and taking
k = n shows that H 6 S. Therefore
H = [H, kS] 6 [S, kS] = SN
for sufficiently large k. Since M > [M,G] G we must have [M,G] = 1 or M and
the final statement follows.
Recall that, for a set of primes pi, a group G is said to be pi-perfect if Opi(G) = G.
Lemma 2.11. Let p be a prime and G a finite group with normal Sylow p-subgroup
P . Then G is p-perfect if and only if P = [P,G].
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Proof. Suppose first that G is not p-perfect so that R = Op(G) is proper in G. Then
G/R ∩ P is p-nilpotent with non-trivial normal p-subgroup P/(P ∩ R). Therefore
we can find a non-trivial central p-chief factor P/N so that [P,G] 6 N < P .
On the other hand if C = [P,G] then P/C is a central Sylow p-subgroup of
G/C. Choose a Hall p′-subgroup Q of G, whose existence is guaranteed by the
Schur-Zassenhaus Theorem [34, 9.1.2]. Then
G/C = P/C ×QC/C
and in particular QC  G and |G/QC| = |P/C|. If G is p-perfect we must have
G/QC = 1 and therefore C = P .
Proofs involving minimal counter-examples will often make use of the following
observation. Here a monolithic group is one with a unique minimal normal subgroup,
and a single-headed group is one with a unique maximal normal subgroup.
Lemma 2.12. Let G be a finite group.
(a) If G is monolithic then Op′(G) = 1 for some prime p.
(b) If G is single-headed then Op
′
(G) = G for some prime p.
Proof. If p divides the order (index in G) of the unique minimal (maximal) normal
subgroup of G then p divides the order (index in G) of every non-trivial (proper)
normal subgroup of G. Therefore the p′-radical (-residual) cannot be non-trivial
(proper).
Further structural information about single-headed groups is provided by the
next well-known result and its corollary.
Lemma 2.13. If G is a finite soluble group with a unique maximal subgroup, then
G is a cyclic p-group for some prime p.
Proof. Since FratG is maximal in G it is maximal normal and therefore has prime
index in G. The result follows from the non-generator property of the Frattini
subgroup (see for example [34, 5.2.12]).
Corollary 2.14. If G is a finite single-headed group then G/GN is a cyclic p-group,
for some prime p, and in particular GN = G′.
Proof. Let M be the unique maximal normal subgroup of G. Clearly we may assume
G is not perfect and therefore GN 6 M . Since maximal subgroups of a nilpotent
group are normal it follows that M/GN is the unique maximal subgroup of G/GN .
The result follows from Lemma 2.13.
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The following property of hypercentral subgroups will be applied to central sec-
tions in Chapter 5.
Lemma 2.15. Let G be a finite group with normal subgroup Z. If Z 6 ζ∞(G) then
Fit(G÷ Z) = FitG.
Proof. Set H = Fit(G÷ Z) so that H/Z is nilpotent with central series
Z/Z 6 Z1/Z 6 · · · 6 Zn/Z = H/Z,
say. Since G is finite there exists an integer k such that ζ∞(G) = ζk(G). It is easy
to verify that
1 6 Z ∩ ζ(G) 6 Z ∩ ζ2(G) 6 · · · 6 Z ∩ ζk(G) = Z 6 Z1 6 · · · 6 Zn = H
is a central series of H, thus H is nilpotent and H 6 FitG. The reverse inclusion is
clear.
Next we state explicitly the general form of a well-known result of Zassenhaus
concerning coprime action on abelian p-groups.
Theorem 2.16. Let p be a prime and G a finite group with Hall p′-subgroup Q and
abelian normal p-subgroup A. If G/CG(A) is a p
′-group then A = [A,G]× CA(G).
Proof. Set H = AQ, then gcd(|A|, |H/A|) = 1 and so
A = [A,H]× CA(H)
by [21, III,13.4]. Let P be a Sylow p-subgroup of G. Since G/CG(A) is a p
′-group
we have P 6 CG(A), or A 6 ζ(P ). Also G = PQ and it follows easily that
[A,G] = [A,H] and CA(G) = CA(H).
In a nilpotent group of class c commutators of weight c have a useful distributivity
property, as the next easy lemma shows.
Lemma 2.17. Let G be a nilpotent group of class c with elements gi for i = 1, . . . , c.
If gj = hk, for some j ∈ {1, . . . , c} and h, k ∈ G, then
[g1, . . . , gc] = [g1, . . . , gj−1, h, gj+1, . . . , gc][g1, . . . , gj−1, k, gj+1, . . . , gc].
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Proof. The proof is by induction on c. If c = 2 we use the identity
[wx, yz] = [w, z]x[x, z][w, y]xz[x, y]z
and the fact that each commutator is central, so suppose that c > 2. If j = c and we
set x = [g1, . . . , gc−1] then x ∈ ζ2(G) so that 〈x, gc〉 has class at most 2 and the result
follows by the case above. If j < c then for r ∈ G define the element λ(r) ∈ ζ2(G)
by
λ(r) = [g1, . . . , gj−1, r, gj+1, . . . , gc−1].
Since c(G/ζ(G)) = c−1 induction on c shows there exists an element z ∈ ζ(G) such
that
λ(gj) = λ(h)λ(k) z.
Again 〈λ(r), gc〉 has class at most 2 for each r, therefore
[g1, . . . , gc] = [λ(gj), gc] = [λ(h)λ(k) z, gc] = [λ(h)λ(k), gc] = [λ(h), gc][λ(k), gc]
and the proof is complete.
It is well known that nilpotent groups of class at most 3 are metabelian. So too
are 2-generator nilpotent groups of class 4.
Lemma 2.18. Let G = 〈g, h〉 be a nilpotent group of class at most 4. Then G is
metabelian.
Proof. By [26, 5.4] we have γ2(G) = 〈[g, h], γ3(G)〉. Of course γ3(G) is central in
γ2(G), since γ5(G) = 1, and it follows that γ2(G) = G
′ is abelian.
We end this section with a special case of the modular law for subnormal sub-
groups. It will usually be applied when the two subgroups in question normalize
each other, but the hypotheses are weakened in order to highlight an interesting
result about permutability.
Lemma 2.19. Let pi be a set of primes and G a finite group with subnormal sub-
groups L and J . If L or J has a normal Hall pi-subgroup then
Opi(G) ∩ LJ = Opi(L)Opi(J).
Proof. Set R = Opi(G) and assume, without loss of generality, that L has a unique
Hall pi-subgroup. The proof is by induction on n = s(G : L) + s(G : J), the sum
of subnormal defects. If n 6 2 then either G ∈ {L, J}, and the result is trivial,
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or L, J  G. In the latter case let P = R ∩ L be the unique Hall pi-subgroup and
Q a Hall pi′-subgroup of L (Q exists by the Schur-Zassenhaus Theorem [34, 9.1.2]).
Since LJ/PJ ∼= Q/(Q ∩ PJ) is a pi′-group we have
PJ > Opi′(LJ) > Opi(LJ) = R ∩ LJ
and
R ∩ LJ = R ∩ PJ = P (R ∩ J) = (R ∩ L)(R ∩ J) = Opi(L)Opi(J).
Now let n > 3 and assume that s(G : L) > 2. Then s(G : LG) < s(G : L)
and LG ∈ N0Epipi′ = Epipi′ , that is LG has a unique Hall pi-subgroup. Therefore by
induction and the modular law we have
R ∩ LJ = R ∩ LGJ ∩ LJ = (R ∩ LG)(R ∩ J) ∩ LJ
= (R ∩ LG ∩ LJ)(R ∩ J) = (R ∩ L(LG ∩ J))(R ∩ J).
Now s(LG : L) = s(G : L) − 1 and s(LG : LG ∩ J) 6 s(G : J), thus applying
induction again shows that
R ∩ L(LG ∩ J) = (R ∩ L)(R ∩ LG ∩ J) 6 (R ∩ L)(R ∩ J)
and the result follows.
On the other hand if s(G : L) < 2 then s(G : J) > 2 and we may repeat the
argument above, swapping the roles of L and J . Here we note that JG ∩ L has a
unique Hall pi-subgroup, since it lies in SnEpipi′ = Epipi′ , and so the second inductive
step is justified.
The additional hypothesis that L and J permute immediately yields a number
of other pairs of permuting subgroups, as the following corollary shows.
Corollary 2.20. Let pi be a set of primes and G a finite group with subnormal
subgroups L and J , at least one of which has a normal Hall pi-subgroup. If L and J
permute with each other then so do any two subgroups from {L, J,Opi(L),Opi(J)}.
Proof. Since LJ is a subgroup of G so also is Opi(L)Opi(J) by Lemma 2.19. Set
R = Opi(LJ), then R is normalized by, and thus permutes with, both L and J . Via
Lemma 2.19 again we have
Opi(L)J = (L ∩R)(J ∩R)J = RJ = JR = J(J ∩R)(L ∩R) = JOpi(L),
and the same argument shows Opi(J)L = LOpi(J). The remaining cases are trivial.
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Note however that these results need not hold in the general case where neither L
nor J has a unique Hall pi-subgroup.
Example 2.21. Let G = S3×D8 with generators {a, b, r, l}. Set L = 〈a, r2b, l〉 and
J = 〈a, b, rl〉. Then L and J are subnormal in G of defect 2 and G = LJ . Now
O2(L) = 〈l〉 and O2(J) = 〈rl〉 and these subgroups do not permute since they each
have order 2 whereas their join is the whole of D8.
We also note in passing that Lemma 2.19 cannot easily be extended to a result
about the pi-radical of the join of non-permuting subnormal subgroups.
Example 2.22. Let D8 act on C3 = 〈x〉 via xr = x2 and [x, l] = 1. Set G = C3oD8,
L = 〈l〉 and J = 〈x, rl〉. Then L is a 2-group and O2(J) = 1, but G = 〈L, J〉 and
O2(G) = 〈r2, l〉. That is 〈O2(L),O2(J)〉 6= O2(〈L, J〉).
2.3 The Wielandt and strong Wielandt subgroups
Definition 2.23. Let G be a group.
(a) The Wielandt subgroup of G, denoted ω(G), is defined by
ω(G) =
⋂
SG
NG(S).
The Wielandt series of G is defined recursively by
ω0(G) = 1 and ωi+1(G) = ω(G÷ ωi(G)) for i > 0.
(b) If H 6 G we define the strong normalizer of H in G to be
NG(H) = CNG(H)
(
H/HN
)
=
{
g ∈ G ∣∣ [H, g] 6 HN} .
Then the strong Wielandt subgroup of G, denoted ω(G), is analogously defined by
ω(G) =
⋂
SG
NG(S).
The strong Wielandt series of G is defined recursively by
ω0(G) = 1 and ωi+1(G) = ω(G÷ ωi(G)) for i > 0.
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By definition the Wielandt subgroup is the largest subgroup which normalizes
all subnormal subgroups, and the strong Wielandt subgroup is the largest subgroup
which centralizes all nilpotent subnormal sections. In this sense it is natural to
think of the strong Wielandt subgroup as a generalisation of the centre; of course in
a nilpotent group these two concepts coincide.
Wielandt proved in [38] that, for finite groups in particular, the Wielandt sub-
group contains the socle. When Casolo introduced the strong Wielandt subgroup
in [10], he established that it too contains the socle. Thus the factors of the Wielandt
and strong Wielandt series of a finite group are always non-trivial and the following
definition is justified.
Definition 2.24. Let G be a finite group. The Wielandt length of G, denoted
wl(G), is the least n such that ωn(G) = G, and the strong Wielandt length of G,
denoted wl(G), is the least m such that ωm(G) = G.
The main theme of this thesis is to elucidate, for finite soluble groups, the re-
lationship between the Wielandt and strong Wielandt series and their respective
lengths.
In [7] Bryce and Cossey found it useful to introduce a local version of the
Wielandt subgroup, and Casolo mimicked this construction for the strong Wielandt
subgroup in [10]. We describe these concepts next.
Definition 2.25. Let G be a group and p a prime. The p-Wielandt subgroup of G,
denoted ω p(G), is defined by
ω p(G) =
⋂
SG
S p′-perfect
NG(S),
and the p-strong Wielandt subgroup of G, denoted ω p(G), is defined by
ω p(G) =
⋂
SG
S p′-perfect
NG(S).
The p-Wielandt and p-strong Wielandt series, and their lengths, are defined in the
same way as their non-local counterparts in Definitions 2.23 and 2.24.
The next theorem is a summary of the properties of the standard and local
versions of the Wielandt and strong Wielandt subgroups. Most of them will be used
in the sequel without further reference.
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Theorem 2.26. Let p be a prime and G a finite group with normal subgroup N and
subnormal subgroup K. In the following list of properties α is any one of ω, ω p, ω
or ω p.
(a) 〈ζ(G), SocG〉 6 ω(G) 6 ω(G), and in particular wl(G) 6 wl(G);
(b) ω(G) and ω(G) are T -groups;
(c) ω(G) =
⋂
p ω
p(G) and ω(G) =
⋂
p ω
p(G);
(d) α is a subgroup function in the sense of Definition 2.1, so that in particular
α(G) 6 α(G÷N);
(e) αn(G) ∩K 6 αn(K) for all n > 0;
(f) If N is a p′-group then N 6 ω p(G) 6 ω p(G) and moreover
ω p(G) = ω p(G÷N) and ω p(G) = ω p(G÷N);
(g) ω p(G) = ω(G÷Op′(G)) and ω p(G) = ω(G÷Op′(G));
(h) If K has p′-index in G then
ω p(G) ∩K = ω p(K) and ω p(G) ∩K = ω p(K);
(i) Op(ω(G)) = Op(ω
p(G)) and Op(ω(G)) = Op(ω
p(G));
(j) If K has p′-index in G then
Op(ω(G)) = Op(ω(K)) and Op(ω(G)) = Op(ω(K));
Furthermore if G is soluble then
(k) ω(G) is metabelian;
(l) ω(G) 6 ζ(FitG), in particular ω(G) is abelian and d(G) 6 wl(G);
(m) [ω(G), G] 6 Fitω(G).
Proof. The straightforward proofs of (b), (d) and (e) are omitted.
(a) The inclusion ζ(G) 6 ω(G) is clear, the inclusion SocG 6 ω(G) is proved
in [10, Proposition 1], and the inclusion ω(G) 6 ω(G) follows from the fact that
NG(K) 6 NG(K).
(c) See [7, 3.7] and [10, Proposition 1].
(f),(g),(h) See [7, 3.2 & 3.8] and [10, Lemmas 2 & 3].
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(i) The result for the Wielandt subgroup was first proved by Bryce and Cossey
in [7, 3.8]. We give a shorter proof here which works for the strong Wielandt case
also. Set P = Op(ω
p(G)). Clearly P 6 ω p(G) and for any prime q 6= p we have
P 6 Oq′(G) 6 ω q(G)
by part (f). Therefore P 6 ω(G), by (c), and the result follows since ω(G) 6 ω p(G).
(j) Note that Op(G) 6 K. Applying (h) and (i) gives
Op(ω(G)) = Op(G) ∩K ∩ ω p(G) = Op(K) ∩ ω p(K) = Op(ω(K)).
The proof for the strong Wielandt subgroup is identical.
(k) This follows directly from part (b) and Theorem 2.7(a).
(l) If F = FitG then since FN = 1 we have
ω(G) 6 NG(F ) = CG(F ) = ζ(F ),
via [34, 5.4.4].
(m) See [7, 3.10].
Take particular note of statements (c) and (g). Suppose we wish to prove a
property P of the Wielandt or strong Wielandt subgroup. If it is sufficient to prove
the local analogue of P for each prime, by appealing to (c), then by (g) it is sufficient
to prove P with the additional assumption that Op′(G) = 1 for some prime p. This
technique, which is the motivation for introducing the local versions, was used to
great effect by Bryce and Cossey in [7]. However care must be taken when dealing
with higher terms of the Wielandt or strong Wielandt series because (c) and (g) do
not necessarily generalise.
Example 2.27. Let S = 〈x, y, a, b〉 be symmetric of degree 4 with unique chief
series
1 < V = 〈x, y〉 < A = 〈x, y, a〉 < S.
Since each of V , A/V and S/A is both the socle and Fitting subgroup of S, S/V
and S/A respectively, we have ω(S) = V , ω2(S) = A and ω3(S) = S. On the other
hand
ω 3(S) = ω(S ÷O3′(S)) = ω(S ÷ V ) = A,
so that ω 32 (S) = S, and
ω 2(S/V ) = ω(S/V ÷O2′(S/V )) = ω(S/V ÷ A/V ) = S/V,
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so that ω 22 (S) = S. For any other prime p 6= 2, 3 we have S = Op′(S) = ω p(S), thus
ω2(S) 6= S =
⋂
p
ω p2 (S).
Also notice that ω 22 (S) = S 6= A = ω2(S ÷O2′(S)).
There are many examples which show that equality need not hold in Theo-
rem 2.26(e). For example if G = 〈r, l〉 is dihedral of order 8 then ω(G) = 〈r2〉 = ω(G)
but every proper subgroup of G is abelian. However there are two special situations
in which equality does hold: when K is the unique maximal normal subgroup of G
or a normal Hall subgroup of G.
Lemma 2.28. Let G be a finite group with unique maximal normal subgroup M .
Then for all i > 0
ωi(G) ∩M = ωi(M) and ωi(G) ∩M = ωi(M).
Proof. Every proper subnormal subgroup of G is contained in M , thus
ω(G) = NG(G) ∩
⋂
SM
NG(S) =
⋂
SM
NG(S)
and
ω(G) ∩M = M ∩
⋂
SM
NG(S) =
⋂
SM
NM(S) = ω(M).
If G/ω(G) is non-trivial then it has unique maximal normal subgroup M/ω(G) and
the result follows by induction on i since ω(G) = ω(M). Finally G′ = GN by
Corollary 2.14, thus NG(G) = G and the argument above carries directly over to
the strong Wielandt series.
The case i = 1 of the next lemma was first proved for the Wielandt series by Ali
in [1, 4.1.4]. A shorter proof of this case, which adapts more readily to the strong
Wielandt series, is included here.
Lemma 2.29. Let pi be a set of primes and G a finite group with normal Hall
pi-subgroup H. Then for all i > 0
ωi(G) ∩H = ωi(H) and ωi(G) ∩H = ωi(H). (2.1)
In particular if m = wl(H) then H 6 ωm(G) and if n = wl(H) then H 6 ωn(G).
18 CHAPTER 2. PRELIMINARIES
Proof. Since the arguments are identical we prove (2.1) for the Wielandt series only.
If p ∈ pi then H has p′-index in G and so ω p(G) ∩ H = ω p(H). If q /∈ pi then
H 6 Oq′(G) 6 ω q(G). Therefore
ω(G) ∩H =
⋂
p∈pi
(ω p(G) ∩H) ∩
⋂
q /∈pi
(ω q(G) ∩H) =
⋂
p∈pi
ω p(H) ∩H = ω(H)
and the case i = 1 is established.
Now let i > 1 and assume (2.1) holds for i − 1. Set W = ωi−1(G). By the case
i = 1 and the modular law we have
(ωi(G) ∩H)W/W = ω(G/W ) ∩HW/W = ω(HW/W ),
since HW/W is the unique Hall pi-subgroup of G/W . Via the natural isomorphism
HW/W → H/(H ∩W ) we see that
(ωi(G) ∩H)/(H ∩W ) = ω(H/(H ∩W ))
and (2.1) follows at once since H ∩W = ωi−1(H) by our inductive assumption. The
final statement is clear.
Since the strong Wielandt subgroup of a soluble group is nilpotent we have the
following corollary.
Corollary 2.30. Let G be a finite soluble group with F = FitG. If F has coprime
order and index in G then ω(G) = ζ(F ).
Proof. If pi = pi(F ) then F is the unique Hall pi-subgroup of G. Therefore
ω(G) = ω(G) ∩ F = ω(F ) = ζ(F )
by Lemma 2.29.
While the normality of Hall subgroups is a very restrictive condition, we are able
to obtain more general results on the influence that the embedding of Hall subgroups
has on subnormal structure.
Lemma 2.31. Let pi be a set of primes and G a finite group with Hall pi-subgroup
H. Then ω(H) ∩Opi(G) 6 ω(G).
Proof. Let SG. Then ω(H) normalizes S ∩H and Opi(G) normalizes Opi(S), by
[34, 13.5.1]. The result follows since S = (S ∩H)Opi(S).
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An analogous result holds for the strong Wielandt subgroup. If we restrict our
attention to nilpotent Hall subgroups, in particular Sylow subgroups, then the result
can in fact be generalised to higher terms of the strong Wielandt series. (Whether
this is also true of Lemma 2.31 is unknown.)
Lemma 2.32. Let p be a prime and G a finite group with Sylow p-subgroup P .
Then ζn(P ) ∩Op(G) 6 ωn(G) for all n > 0.
Proof. Set Ln = ζn(P )∩Op(G). Clearly L0 = 1 = ω0(G) so suppose that n > 0 and
choose SG, noting that
S =
∏
q∈pi(S)
Oq
′
(S)
If q 6= p then
Ln 6 Op(G) 6 Oq′(G) 6 ω q(G)
and so
[Oq
′
(S), Ln] 6 Oq
′q(S) 6 SN
since Oq
′
(S) is q′-perfect. Set R = Op
′
(S), then RN = Op(R) is normalized by Op(G),
by [34, 13.5.1], and is supplemented in R by the Sylow p-subgroup R ∩ P . Now
[R ∩ P,Ln] 6 [P, ζn(P )] ∩Op(G) 6 ζn−1(P ) ∩Op(G) = Ln−1 6 ωn−1(G),
by induction on n, and so
[R,Ln] = [O
p(R)(R ∩ P ), Ln] 6 [Op(R), Ln]R[R ∩ P,Ln] 6 RN ωn−1(G).
It follows that [S, Ln] 6 SN ωn−1(G) and therefore that Ln 6 ωn(G).
Corollary 2.33. Let p be a prime and G a finite group with abelian Sylow p-
subgroups. Then Op(G) 6 ω(G).
It is not difficult to show that for any groups G and H we have
ω(G×H) 6 ω(G)× ω(H).
However equality need not hold, since we saw in Lemma 2.8 that the class of T -
groups is not closed for direct products. On the other hand Casolo observes in [10]
that the strong Wielandt subgroup is always preserved by the direct product of finite
groups, but he omits the proof. Since some of our constructions in Chapter 5 will
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rely on this fact we give a proof for completeness. For a direct product G1×· · ·×Gn
we denote by pii the projection homomorphism onto the i
th factor Gi:
pii : G1 × · · · ×Gn → Gi
(g1, . . . , gn) 7→ gi
.
Notice that if H is a subgroup of G1 × · · · × Gn then H 6 pi1(H) × · · · × pin(H),
and equality holds if and only if pii(H) = H ∩Gi for all i.
Two straightforward technical lemmas are needed, the second of which will be
generalised in Chapter 6.
Lemma 2.34. Let G1, G2 be finite groups. If H G1 ×G2 then pii(H)Gi for
i = 1, 2.
Proof. It is enough to show that if H  K 6 G1 × G2 then pi1(H)  pi1(K). Set
Hi = pii(H), Ki = pii(K) and choose h1 ∈ H1, k1 ∈ K1. Then there exist elements
h2 ∈ H2, k2 ∈ K2 such that h1h2 ∈ H, k1k2 ∈ K. Since [G1, G2] = 1 and H K we
have
hk11 h
k2
2 = (h1h2)
k1k2 ∈ HK = H
and so hk11 ∈ pi1(H).
Lemma 2.35. Let G1, G2 be finite groups and suppose that H G1 × G2. Set
Hi = pii(H) for i = 1, 2. Then H
N = HN1 H
N
2 .
Proof. Write G = G1 × G2 and choose h1 ∈ HN1 . It is clear that pii(HN) = HNi
and so there is an h2 ∈ HN2 such that h1h2 ∈ HN . Set R = HN , then since
[h1, H1] = [h1h2, H1] we have
[
HN1 , H1
]
6 [R,H1]. Clearly RG and so
HN1 =
[
HN1 , nH1
]
6 [R, nH1] 6 R[R, nG] = RG,n = R
for sufficiently large n. The same argument shows HN2 6 R, and in the other
direction we have H 6 H1H2 so that R = HN 6 (H1H2)N = HN1 HN2 .
Theorem 2.36. Let G1, G2 be finite groups and p a prime. Then
ωn(G1 ×G2) 6 ωn(G1)× ωn(G2), ω pn (G1 ×G2) 6 ω pn (G1)× ω pn (G2)
and
ωn(G1 ×G2) = ωn(G1)× ωn(G2), ω pn(G1 ×G2) = ω pn(G1)× ω pn(G2)
for all n > 0.
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Proof. The cases n = 0 being obvious, let w ∈ ω p(G1 × G2) so that w = g1g2 for
some gi ∈ Gi. Let Si be a p′-perfect subnormal subgroup of Gi. Then SiG1×G2
and
SNi > [Si, w] = [Si, g1g2] = [Si, g1][Si, g2] = [Si, gi].
Therefore gi ∈ ω p(Gi) and ω p(G1 ×G2) 6 ω p(G1)× ω p(G2). The inclusion for the
first p-Wielandt subgroup is proved in a similar way.
Now choose g ∈ ω p(G1) and p′-perfect H G1 × G2. Set Hi = pii(H) and
Ri = O
p′(Hi). Then R1 H1G1, by Lemma 2.34, and
H = Op
′
(H) 6 Op′(H1H2) = R1R2;
here we use the fact that H1 and H2 normalize each other so that Theorem 2.4 can
be applied. Therefore
[H, g] 6 [R1R2, g] = [R1, g] 6 RN1 6 HN1 6 HN ,
by Lemma 2.35, and g ∈ ω p(G1×G2). The same argument applies when g ∈ ω p(G2)
thus ω p(G1)× ω p(G2) 6 ω p(G1 ×G2).
Having established the case n = 1 for the local versions we see that
ω(G1 ×G2) =
⋂
p
ω p(G1 ×G2) =
⋂
p
(ω p(G1)× ω p(G2))
=
⋂
p
ω p(G1)×
⋂
q
ω q(G2) = ω(G1)× ω(G2);
similarly for the Wielandt subgroup inclusion. The result for higher terms of the
(local) strong Wielandt series follows easily by induction on n and the natural iso-
morphism
(G1 ×G2)/(N1 ×N2)→ G1/N1 ×G2/N2.
For the (local) Wielandt series we must also appeal to property (vi) of subgroup
functions as described in Definition 2.1, but again the argument is straightforward.
There is one special situation in which the Wielandt subgroup is respected by a
direct product. Suppose that G1 and G2 have coprime order and H is a subgroup of
their direct product. If pi = pi(G1) then H ∩G1 ∈ Hallpi(H) and H ∩G2 ∈ Hallpi′(H)
so that
H = HpiHpi′ = (H ∩G1)× (H ∩G2) = pi1(H)× pi2(H).
The next result follows easily from this observation.
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Lemma 2.37. Let G1, G2 be finite groups with gcd(|G1|, |G2|) = 1. Then
ωn(G1 ×G2) = ωn(G1)× ωn(G2)
for all n > 0.
We end this section with two elementary results about the Wielandt structure
of nilpotent groups. The first lemma will be used in conjunction with Lemma 2.5,
and the second gives a sufficient condition for the Wielandt and upper central series
of a nilpotent group to coincide.
Lemma 2.38. Let G be a finite nilpotent group with abelian normal subgroup A. If
A is complemented in G then ω(G) ∩ A 6 ζ(G).
Proof. Suppose H is a complement to A and set W = ω(G)∩A. Then W normalizes
H G so that [W,H] 6 W ∩ H = 1, and of course [W,A] 6 A′ = 1. Therefore
[W,G] = [W,AH] = 1.
Lemma 2.39. If G is a finite nilpotent group generated by elements of prime order
then ωn(G) = ζn(G) for all n > 0.
Proof. By induction on |G| and Lemma 2.37 we may assume that G is a p-group
for some prime p. Set W = ω(G) and suppose g ∈ G with |g| = p. Since W
normalizes 〈g〉 there is a monomorphism from the p-group W/CW (g) to the p′-group
Aut 〈g〉 ∼= Cp−1. It follows that W centralizes g and, since every element of G is a
product of p-order elements, that W = ζ(G). Any quotient of G is also generated
by p-order elements thus the result follows by induction on n.
2.4 Constructions
In this section we present the tools that will be used in Chapter 5 to construct
examples with certain properties. Our first method of construction is the regular
wreath product.
Definition 2.40. For groups H and K we denote by H o K the regular wreath
product of H and K, constructed as follows: for each k ∈ K let ϕk : H 7→ Hk be
an isomorphism and define the base group B to be the direct product
∏
k∈K Hk, on
which K acts via
ϕk(h)
g = ϕkg(h) for all g, k ∈ K, h ∈ H.
Then H oK is the semidirect product B oK under this action.
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The following two results provide useful information about the subnormal struc-
ture of regular wreath products.
Lemma 2.41. Let H and K be finite groups and G = H o K, the regular wreath
product. Then ω(G) is contained in the base group of G.
Proof. For each k ∈ K let Hk ∼= H so that the direct product B =
∏
k∈K Hk is the
base group of G = BK. Choose g ∈ ω(G) and write g = bk where b ∈ B and k ∈ K.
Now H1 B G so that both b and g normalize H1. Thus
H1 = H
g
1 = H
bk
1 = H
k
1 = Hk
and we conclude that k = 1. That is g = b ∈ B.
Lemma 2.42. Let H and K be finite soluble groups with gcd(|H|, |K|) = 1 and set
G = H oK, the regular wreath product. Then
l(G) = l(H) + l(K) and wl(G) = wl(H) + wl(K).
Assume further that the Wielandt and strong Wielandt series of H coincide. Then
wl(G) = wl(H) + wl(K).
Proof. Let B = H1 × · · · ×Hn be the base group of G, with each Hi ∼= H. Then
FitB = FitH1 × · · · × FitHn
and so no non-trivial element of K centralizes FitB. It follows that FitB = FitG
and therefore that
G/FitG ∼= (H/FitH) oK
by [14, A,18.2(d)]. By induction on |G| we have
l(G) = 1 + l(G/FitG) = 1 + l(H/FitH) + l(K) = l(H) + l(K).
If pi = pi(H) then B is the unique Hall pi-subgroup of G and so
ω(G) = ω(G) ∩ FitG = ω(G) ∩B = ω(B) = ω(H1)× · · · × ω(Hn)
by Lemma 2.29 and Theorem 2.36. Thus
G/ω(G) ∼= (H/ω(H)) oK
24 CHAPTER 2. PRELIMINARIES
and as above
wl(G) = 1 + wl(G/ω(G)) = 1 + wl(H/ω(H)) + wl(K) = wl(H) + wl(K),
by induction on |G|.
Now suppose that the Wielandt and strong Wielandt series of H coincide, then
so too do the corresponding series for B since
ωi(B) 6 ωi(B) 6 ωi(H1)× · · · × ωi(Hn) = ωi(H1)× · · · × ωi(Hn) = ωi(B),
via Theorem 2.36. From Lemma 2.41 we have ω(G) 6 B and just as in the strong
Wielandt case it follows that
G/ω(G) ∼= (H/ω(H)) oK.
The last statement is again proved by induction on |G|.
Next we describe in detail a method which Bryce and Cossey used in Section
4 of [7] to show that their bounds on derived length, in terms of Wielandt length,
are best possible. The theme of such constructions is as follows: given a group H,
a prime p and an FpH-module M , regard M as an elementary abelian p-group, on
which H acts via conjugation, and form the semidirect product M oH. Judicious
choice of the group H and prime p will allow us to construct examples with the
desired properties.
The reader is referred to Chapter 5 of [3] or Chapter B of [14] for background in
the theory of modules. We begin by stating a special case of a result of Gaschu¨tz
[15] (see for example [14, B,10.9]).
Theorem 2.43. Let p be a prime and H a finite soluble group with S = SocH.
Then there exists a faithful irreducible FpH-module if and only if S is a p′-group
and S = 〈x〉H for some x ∈ S.
In particular a monolithic p′-group always has a faithful irreducible module over
Fp. Important structural information about their semidirect product in this situation
is provided by the next easy lemma.
Lemma 2.44. Let p be a prime, H a finite group with Op(H) = 1 and M a faith-
ful irreducible FpH-module. If G = M o H then M = FitG = SocG and G is
monolithic.
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Proof. The faithfulness and irreducibility of M as an H-module show that, as a
subgroup of G, M is self-centralizing and minimal normal. Since elements of coprime
order in a nilpotent group centralize each other it follows that FitG is a p-group.
However FitG can be no larger than M since Op(G/M) = 1. The result follows.
Notice that the module M in Lemma 2.44 is equal to the strong Wielandt sub-
group of G. When H has a central subgroup of a certain type we can also calculate
the Wielandt subgroup of G. Compare the next result with Theorems 2.7(e) and
2.26(m).
Lemma 2.45. Let p be a prime, H a finite p′-group, M a faithful irreducible FpH-
module and G = M o H. If H has a central subgroup W of order dividing p − 1
then MW 6 ω(G).
Proof. Since M is a minimal normal subgroup of G we have M 6 ω(G), by Theo-
rem 2.26(a), and it suffices to showW 6 ω(G). Let SG, then S = (S∩M)(S∩H)
since H is a Hall p′-subgroup of G. Now W centralizes S ∩H, as W 6 ζ(H), and
the result will be proved if W normalizes S∩M . To this end we show that elements
of W act on M as power automorphisms.
By Clifford’s Theorem [34, 8.1.3] M is the direct sum of conjugate irreducible
FpW -modules M1, . . . ,Mk. In fact since W is central in H we can see that the Mi’s
are isomorphic as FpW -modules, thus it remains only to show that dimFp(M1) = 1.
Clearly if w ∈ CW (M1) then w ∈ CH(M) = 1, therefore M1 is a faithful Fp(W )-
module and dimFp(M1) is the least n such that |W | divides pn− 1, from [14, B,9.8].
By hypothesis the least such n is equal to 1.
In general little can be said about the Wielandt subgroup of G when M is an ar-
bitrary module, but when |W | = 2 the irreducibility condition on M in Lemma 2.45
can be relaxed somewhat.
Corollary 2.46. Let p be an odd prime, H a finite p′-group and M1, . . . ,Mk faithful
irreducible FpH-modules. Set M =
⊕
iMi and G = M o H. If H has a normal
subgroup W of order 2 then MW 6 ω(G).
Proof. Let W = 〈w〉 and note that |W | divides p − 1 and W 6 ζ(H). As in the
proof of Lemma 2.45 it is sufficient to show w acts on M as a power automorphism.
By that result it follows, for each i, that w acts on the subgroup Mi of Mi oH as
a non-trivial universal power automorphism. Since w2 = 1 elements of Mi must be
inverted by w, and therefore w acts as the inverting power automorphism on M .
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Remark 2.47. Suppose that, in addition to the hypotheses of Lemma 2.45 or
Corollary 2.46, H is soluble and W is the full centre of H. Then in fact we have
the equality ω(G) = MW , since M = FitG and ω(G)/M is central in G/M by
Theorem 2.26(m).
Corollary 2.46 will have important applications in view of the construction which
follows.
Definition 2.48. Let G be a group, F a field and X a (left) FG-module.
(a) If gx = x for all x ∈ X, g ∈ G then X is said to be a trivial module.
(b) The contragredient of X, denotedX∗, is the (left) FG-module with underlying
vector space HomF(X,F), the set of all F-homomorphisms from X to F, and action
defined by
gϕ : X → F
x 7→ ϕ(g−1x)
for all ϕ ∈ X∗, g ∈ G, x ∈ X. It is straightforward to verify that X∗ is a faithful
and irreducible module if and only if X itself is.
Theorem 2.49. Let H be a finite soluble monolithic group and let p be a prime
not dividing the order of the monolith of H. Then there exists a p-group P with the
following properties:
(a) H is a group of operators for P , and we may set G = P oH;
(b) |P ′| = p;
(c) P ′ = ζ(P ) = ζ(G);
(d) P/P ′ is isomorphic with a direct sum of faithful irreducible FpH-modules;
(e) G is monolithic;
(f) wl(G) = 2 + wl(H).
Proof. Choose a faithful irreducible (left) FpH-module X, whose existence is guar-
anteed by Theorem 2.43, and let T = X⊗FpX∗, the tensor product of vector spaces.
Regard T as an FpH-module with action defined by
h(x⊗ x∗) = hx⊗ hx∗
for all x ∈ X, x ∈ X∗ and h ∈ H. Following Huppert’s construction in [21, VI,7.22]
there is a p-group Q with underlying set
{(x, x∗, t) |x ∈ X, x ∈ X∗, t ∈ T}
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and multiplication defined by
(x1, x
∗
1, t1)(x2, x
∗
2, t2) = (x1 + x2, x
∗
1 + x
∗
2, x1 ⊗ x∗2 + t1 + t2)
for all xi ∈ X, x∗i ∈ X∗, t ∈ T . Moreover H is a group of operators for Q and
ζ(Q) > Q′ = {(0, 0, t) | t ∈ T} ∼= T.
Notice that Q/Q′ ∼= X ⊕X∗. Set
Y = {(x, 0, t) |x ∈ X, t ∈ T} and Y ∗ = {(0, x∗, t) |x∗ ∈ X∗, t ∈ T},
then it is clear that Y/Q′ ∼= X and Y ∗/Q′ ∼= X∗ as FpH-modules and so
Q/Q′ = Y/Q′ × Y ∗/Q′.
From the definition of multiplication it is also clear that Y and Y ∗ are abelian
subgroups of Q.
Now [22, VII,8.6] shows that T has a one-dimensional trivial quotient module.
Correspondingly there exists a maximal subgroup N of Q′ such that H centralizes
Q′/N . Since N is central in Q we may set P = Q/N . Of course H is a group
of operators for P which centralizes P ′, and P ′ has order p. Set U = Y/N and
U∗ = Y ∗/N so that U/P ′ ∼= X and U∗/P ′ ∼= X∗ as modules. Since X and X∗ are
faithful and irreducible it follows that, as subgroups of G/P ′, U/P ′ and U∗/P ′ are
minimal normal and P/P ′ is self-centralizing. Therefore FitG = P and
P ′ 6 ζ(G) 6 ζ(P ).
Moreover P/P ′ = Soc(G/P ′) is the product of any two distinct minimal normal
subgroups of G/P ′.
Set Z = ζ(P ) and suppose Z/P ′ is non-trivial. Then there exists a minimal nor-
mal subgroup M/P ′ of G/P ′ such that M is central in P . Since M is supplemented
in P by at least one of the abelian subgroups U or U∗ it follows that P is abelian,
in contradiction to the fact that |P ′| = p. Therefore
P ′ = ζ(G) = ζ(P ) = Z.
In particular Z has order p, but since Z contains all minimal normal subgroups of
G it follows that G is monolithic. Finally
Z = ζ(G) 6 ω(G) 6 ζ(FitG) = ζ(P ) = Z
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so that ω(G) = Z, and
P/Z = Soc(G/Z) 6 ω(G/Z) 6 Fit(G/Z) = P/Z
so that ω2(G) = P ; here we use the fact that P = Fit(G÷Z) by Lemma 2.15. Since
G/P ∼= H the last statement now follows.
Chapter 3
A conjecture
It is clear that ω(G) 6 ω(G) for any group G. Our focus in this chapter is on the
following question, raised by Casolo in [10]:
Question 3.1. Is there an integer m such that ω(G) 6 ωm(G) for every (finite
soluble) group G?
Recall that the Kern of a group G, denoted κ(G), is the intersection of the
normalizers of all subgroups of G.† In a nilpotent group the concepts of Kern
and Wielandt subgroup coincide, since all subgroups are subnormal, and we have
already noted that the upper central and strong Wielandt series also coincide. Thus
the answer to Question 3.1 for nilpotent groups comes directly from Schenkman’s
celebrated result [35] concerning the embedding of the Kern.
Theorem 3.2. If G is a group then κ(G) 6 ζ2(G).
Corollary 3.3. If G is a nilpotent group then ω(G) 6 ζ2(G) = ω2(G).
These results will be the cornerstone of our investigation into the general situa-
tion for soluble groups. In fact regarding the Wielandt subgroup as a generalisation
of the Kern and the strong Wielandt subgroup as a generalisation of the centre leads
us to make the following conjecture:
Conjecture A. If G is a finite soluble group then ω(G) 6 ω2(G).
We are already in a position to add one further class of groups to our list of
examples: the so-called A-groups, those groups in which every Sylow subgroup is
†Some authors refer to this subgroup as the norm of G.
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abelian. Corollary 2.33 shows that in any finite A-group the strong Wielandt sub-
group contains the Fitting subgroup, and in the soluble case it follows that the two
subgroups coincide.
Corollary 3.4. If G is a finite soluble A-group then ω(G) = FitG.
We conclude from Theorem 2.26(m) that in a finite soluble A-group the Wielandt
subgroup is central modulo the strong Wielandt subgroup, and in particular
Corollary 3.5. If G is a finite soluble A-group then ω(G) 6 ω2(G).
While Example 2.27 shows that to prove Conjecture A it is not sufficient to
prove the local analogue ω p(G) 6 ω p2 (G) for every prime p, the following theorem
concerning the interplay between the p-Wielandt and p-strong Wielandt subgroups
is an invaluable tool.
Theorem 3.6. Let G be a finite soluble group and p a prime. If ω p(G) is not
p-nilpotent then ω p(G) = Op′p(G).
Proof. It follows from Theorem 2.7(f) that ω 2(G) is always 2-nilpo tent, thus p
must be odd and by [7, 3.4] we have Op′p(G) = Op′p(ω
p(G)). It therefore suffices to
assume Op′(G) = 1 and show Fitω(G) 6 ω(G), the reverse inclusion being clear.
Set F = Fitω(G) and suppose that F 
 ω(G). Then there is a subnormal
subgroup S minimal subject to [S, F ] 
 SN . Note that F is an abelian p-group,
since p 6= 2, and that S is single-headed and in particular q′-perfect for some prime
q. In fact q = p, since otherwise we have the contradiction F 6 Oq′(G) 6 ω q(G).
Set R = SN , noting that R = Op(S) and that Frat(S/R) is maximal in S/R.
Let L = F ∩ S so that [S, ω(G)] 6 L by Theorem 2.26(m). Now S 6= LR,
since [L, F ] = 1 and F normalizes R, thus LR/R 6 Frat(S/R). Choose an element
g ∈ ω(G) of order coprime to p, which exists since ω(G) is non-nilpotent. Since
[S, g] 6 L we have
[S/R, gR] 6 LR/R 6 Frat(S/R)
and [14, A,12.7] shows that [S, g] 6 R. Now g /∈ F = Cω(G)(F ) and gcd(p, |g|) = 1,
thus we know by [34, 13.4.3(ii)] that the non-trivial power automorphism of F
induced by g is universal and fixed-point-free. In particular this means L = [L, g]
and therefore
[S, F ] 6 L = [L, g] 6 [S, g] 6 R = SN ,
in contradiction to the choice of S.
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This result will be most useful in the following form:
Corollary 3.7. Let G be a finite soluble group with Op′(G) = 1 for some prime p.
If ω(G) is non-nilpotent then ω(G) = FitG.
Note that the conclusion of Corollary 3.7 is independent of the prime p for which
Op′(G) = 1. However the next example, of a group G with ω(G) non-nilpotent and
ω(G) 6= FitG, shows that this condition cannot be dropped.
Example 3.8. Let A = 〈a〉 be cyclic of order 3 and Q = 〈i, j〉 quaternion of order
8. Define an action of Q on A by
ai = a2, [a, j] = 1
and set G = A o Q. Note that gcd(|A|, |G/A|) = 1, G/A ∼= Q is a T -group, and
every subgroup of A is normal in G. From [34, 13.4.5] we conclude that G is a
T -group and in particular ω(G) = G is non-nilpotent. However FitG = 〈a, j〉 yet
j /∈ ω(G) since [i, j] = j2 /∈ A = GN .
We can now show that abelian-by-nilpotent groups satisfy Conjecture A. In fact
in this class of groups we also have that the Wielandt subgroup is central modulo
the strong Wielandt subgroup.
Theorem 3.9. Let G be a finite soluble group, p a prime and Xp = Sp×Sp′. If
GXp is abelian then [ω p(G), G] 6 ω p(G).
Proof. By induction on |G| we may assume Op′(G) = 1 and show
[ω(G), G] 6 ω(G).
If ω(G) is non-nilpotent then the result follows immediately from Theorem 2.26(m)
and Corollary 3.7. Therefore we may assume that ω(G) is nilpotent.
Set R = GXp and let P be a Sylow p-subgroup of G. Since R is abelian we have
R 6 FitG = Op(G) 6 P,
thus P/R is a Sylow subgroup ofG/R ∈ Xp and so PG. It follows from Lemma 2.29
that ω(G) = ω(P ) and ω(G) = ζ(P ).
Since Xp is a saturated formation and R is abelian Theorem 2.5 shows that R is
complemented in G, by the subgroup H say. Now
H ∼= H/H ∩R ∼= HR/R = G/R ∈ Xp
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and so we may write H = Q×Hp, where Hp is the unique Sylow p-subgroup and Q
its Sylow p-complement. By order consideration we see that Q is a complement to
P in G and Hp is a complement to R in P . Notice then that
[P,Q] = [HpR,Q] 6 [Hp, Q]R[R,Q] = [R,Q] 6 R
and so, via Lemma 2.38,
[ω(P ), Q] 6 ω(P ) ∩R 6 ζ(P ).
Of course [ω(P ), P ] 6 ζ(P ) by Corollary 3.3 and the result follows.
Corollary 3.10. Let G be a finite group. If GN is abelian then [ω(G), G] 6 ω(G)
and in particular ω(G) 6 ω2(G).
Proof. Since each class Xp of Theorem 3.9 contains N it follows that G
Xp 6 GN and
[ω(G), G] = [
⋂
p ω
p(G), G] 6
⋂
p
[ω p(G), G] 6
⋂
p
ω p(G) = ω(G).
The second statement follows.
Notice that we can apply Corollary 3.10 to the class of metabelian groups, and in
particular to the class of soluble T -groups. In the latter case we have the following
bound:
Corollary 3.11. If G is a finite soluble T -group then wl(G) 6 2.
Observe that ω(G)/ω(G) need not be central in general.
Example 3.12. Let G = 〈i, j, a〉 ∼= SL2(3). Then G has unique maximal subgroup
Q = 〈i, j〉 ∼= Q8 and Lemma 2.28 shows that ω(G) = Q and ω(G) = ζ(Q). However
G/ζ(Q) ∼= A4 has trivial centre.
It is not difficult to verify that (G/N)N = GNN/N for any finite group G and
N G. Also if SG then SN G and
(SN/N)N = (SN)NN/N = SNNNN/N = SNN/N.
Thus we have the following equivalence which, with N = ω(G), gives a criterion for
an element to be a member of ω2(G):
g ∈ ω(G÷N) if and only if [S, g] 6 SNN for all SG.
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Therefore, given a finite soluble group G with subnormal subgroup S, we are in-
terested in whether [ω(G), S] 6 SN ω(G). In particular when S is nilpotent we
would like to have [ω(G), S] 6 ω(G). The next theorem establishes that this is true
for all finite soluble groups. A lemma is needed first; it is a direct consequence of
Schenkman’s result for nilpotent groups, Corollary 3.3.
Lemma 3.13. Let G be a finite group. Then [ω(G), G,G] 6 GN.
Theorem 3.14. If G is a finite soluble group then [ω(G),FitG] 6 ω(G).
Proof. It is sufficient to show [ω p(G),FitG] 6 ω p(G) for any prime p. Suppose this
is false and take G to be a minimal counter-example. Then Op′(G) = 1 and we have
ω p(G) = ω(G) and ω p(G) = ω(G).
Set W = ω(G) and F = FitG. Note that W must be nilpotent otherwise
Corollary 3.7 immediately gives
[W,F ] 6 F = ω(G).
Choose a subnormal subgroup S such that
[W,F, S] 
 SN (3.1)
and suppose that G 6= FS. Then G minimal and S FS give
[ω(FS),FitFS, S] 6 SN .
However ω(FS) > ω(G) ∩ FS = W , since W is nilpotent, and FitFS = F whence
(3.1) is violated. Therefore G = FS and Lemma 3.13 gives
[W,F, S] 6 [W,G,G] 6 GN = (FS)N = FNSN = SN ,
a final contradiction.
Another necessary condition for Conjecture A is that ω(G)/ω(G) be abelian. We
can also prove that this holds for all finite soluble groups.
Corollary 3.15. If G is a finite soluble group then ω(G)′ 6 ω(G).
Proof. It suffices to choose a prime p and show ω p(G)′ 6 ω p(G). By induction
on |G| we may assume Op′(G) = 1. If ω(G) is non-nilpotent then since ω(G) is
metabelian we have
ω(G)′ 6 FitG = ω(G)
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by Corollary 3.7. If ω(G) is nilpotent then
ω(G)′ 6 [ω(G),FitG] 6 ω(G)
by Theorem 3.14.
We now give a reduction lemma for counter-examples to Conjecture A.
Lemma 3.16. Let G be a finite soluble group in which
ω(G) 
 ω2(G). (3.2)
Then there exists a prime p ∈ pi(FitG), a Sylow p-subgroup P of G and a p′-perfect
subnormal subgroup S of G satisfying
[S ∩ P, ω(G) ∩ P ] 
 Op(S)ω(G).
Assume further that X is an Sn-closed class of groups and that G is minimal in X
subject to (3.2). Then G is p′-perfect.
Proof. Choose SG and g ∈ ω(G) with |S|+ |g| minimal subject to
[S, g] 
 SN ω(G).
Clearly S is single-headed and therefore p′-perfect for some p, by Lemma 2.12.
Setting R = SN we have S/R an abelian p-group, by Corollary 2.14. Also the
minimality of |g| shows that g is a q-element for some prime q.
Suppose q 6= p and set H = [S, g]. Then H 6 Fitω(G) by Theorem 2.26(m) and
in particular H G. If H 6= S then minimality gives
[H, g] 6 HN ω(G) 6 Rω(G).
Now the action of gR on S/R is coprime, thus
[S/R, gR] = [S/R, gR, gR]
and
[S, g]R = [[S, g], g]R = [H, g]R 6 Rω(G),
a contradiction. On the other hand if H = S then S is nilpotent and [S, g] 6 ω(G)
by Theorem 3.14. We conclude that g is a p-element.
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Choose P ∈ Sylp(G) such that g ∈ P . Then R is supplemented in S by the Sylow
p-subgroup S ∩P of S, and since g normalizes R we must have [S ∩P, g] 
 Rω(G).
Note that
1 6= [S ∩ P, ω(G) ∩ P ] 6 P ∩ Fitω(G) 6 Op(G),
again using Theorem 2.26(m), and so p ∈ pi(FitG).
Now assume G is minimal in X, set Q = Op
′
(G) and suppose that Q 6= G. Since
P, S 6 Q ∈ X and ω(G) ∩Q 6 ω(Q) we have, by minimality of G, that
[S ∩ P, ω(G) ∩ P ] 6 [S ∩ P, ω(Q) ∩ P ] 6 Op(Q) ∩Rω(Q).
Now ω(Q) is nilpotent and so, by Lemma 2.19 and Theorem 2.26(j), we have
Op(Rω(Q)) = Op(R)Op(ω(Q)) = Op(R)Op(ω(G)) 6 Rω(G),
a contradiction. Thus G = Q and G is p′-perfect.
This is enough to obtain a contradiction when G has p-length 1 or the class of
P is at most 2, as the next three results show.
Lemma 3.17. Let pi be a set of primes and G a finite group with pi-length 1. If H
is a Hall pi-subgroup of G then ω(G) ∩H 6 ω(H) and
Opi(ω(G)) = CoreG(ω(H)) = ω(H) ∩Opi(G).
Proof. Set W = ω(G) and K = Opi′(G), noting that HK G since G has pi-length
1. Choose T H, then TK HK G so that W normalizes TK. Thus
[W ∩H,T ] 6 [W,TK] ∩H 6 TK ∩H = T (K ∩H) = T
and it follows that W ∩H 6 ω(H). In particular ω(H) > Opi(W )G and
Opi(W ) 6 CoreG(ω(H)) 6 ω(H) ∩Opi(G).
That equality holds follows directly from Lemma 2.31.
Corollary 3.18. Let p be a prime and G a finite soluble group with p-length 1. If
P is a Sylow p-subgroup of G then [P, ω(G) ∩ P ] 6 ω(G).
Proof. Firstly ω(G) ∩ P 6 ω(P ) 6 ζ2(P ) by Lemma 3.17 and Corollary 3.3 and so
[P, ω(G) ∩ P ] 6 ζ(P ).
Also by Theorem 2.26(m) we have
[P, ω(G) ∩ P ] 6 [G,ω(G)] ∩ P 6 FitG ∩ P = Op(G)
and the result follows directly from Lemma 2.32.
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Theorem 3.19. Let G be a finite soluble group and suppose that for every prime
p ∈ pi(FitG) at least one of the following holds:
(a) G has p-length 1;
(b) the Sylow p-subgroups of G have class at most 2.
Then ω(G) 6 ω2(G).
Proof. Suppose not and let p, P and S be as prescribed by Lemma 3.16. By Corol-
lary 3.18 G cannot have p-length 1 and so P must have class at most 2. Therefore,
via Theorem 2.26(m) and Lemma 2.32, we have
[S ∩ P, ω(G) ∩ P ] 6 P ′ ∩ Fitω(G) 6 ζ(P ) ∩Op(G) 6 ω(G),
a contradiction.
Remark 3.20. In Theorem 3.19 condition (b) is redundant unless p = 2 or 3.
Indeed [22, IX,5.1(a)], a corollary to Hall and Higman’s Theorem B [17], shows that
if p > 5 and G is a p-soluble group with Sylow p-subgroups of class at most 3, then
G has p-length 1.
We state explicitly an important special case of Theorem 3.19. It will be the basis
of our investigations into the relationship between Wielandt and strong Wielandt
length in Chapter 5.
Corollary 3.21. Let G be a finite group with p-length 1 for all primes p. Then
ω(G) 6 ω2(G).
It is perhaps worth mentioning that there is a result analogous to Lemma 3.17
for the strong Wielandt subgroup, and that it generalises to higher terms of the
series if we restrict to nilpotent Hall subgroups.
Lemma 3.22. Let p be a prime and G a finite group of p-length 1. If P is a Sylow
p-subgroup of G then
Op(ωn(G)) = CoreG(ζn(P )) = ζn(P ) ∩Op(G)
for all n > 0.
Proof. Set Vn = ωn(G) and R = O
p′(G). The result is clear when n = 0 so suppose
n > 0. Then
[Vn, R] 6 RNVn−1 = Op(R)Vn−1 6 Op′(G)Vn−1
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since G has p-length 1. Therefore
[Op(Vn), P ] 6 [Op(Vn), R] 6 Op′(G)Vn−1 ∩Op(G) = Op(Vn−1) 6 ζn−1(P )
by Lemma 2.19 and induction on n. Thus ζn(P ) > Op(Vn)G and so
Op(Vn) 6 CoreG(ζn(P )) 6 ζn(P ) ∩Op(G).
That equality holds follows directly from Lemma 2.32.
We have been unable to decide whether Conjecture A holds. Some ideas for
extending the results presented here will be discussed in Chapter 7.
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Chapter 4
A lower strong Wielandt series
In a nilpotent group the strong Wielandt series and upper central series coincide.
The work in this chapter is motivated by the following question: Is there, for arbi-
trary (finite soluble) groups, a lower version of the strong Wielandt series analogous
to the lower central series of a nilpotent group?
4.1 Series determined by subgroup functions
Recall from Definition 2.1 the notion of a subgroup function α.
Definition 4.1. A group G is an α-group if it possesses a so-called α-series : a finite
sequence of normal subgroups
1 = G0 6 G1 6 · · · 6 Gn = G (4.1)
such that Gi 6 α(G÷Gi−1) for each i = 1, . . . , n. The α-length of G, denoted lα(G),
is the length of a shortest such series.
For example a ζ-group is just a nilpotent group, with ζ-length equal to its nilpo-
tency class, and by virtue of Theorem 2.26(a) every finite group is both an ω-group
and an ω-group. There is an obvious candidate for an α-series whose length is always
minimal.
Definition 4.2. The upper α-series of a group G is defined by
α0(G) = 1 and αi+1(G) = α(G÷ αi(G)) for i > 0.
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It is straightforward to show that each Gi 6 αi(G) for any α-series of the form (4.1),
and it is this property of the “bottom-up” approach which ensures that the upper
α-series has minimal length.
On the other hand some subgroup functions also admit a canonical “top-down”
construction of a series of minimal length. Consider for example the lower central
central series
G > γ2(G) > γ3(G) > · · ·
of a nilpotent group when α = ζ, and the lower nilpotent series
G > GN > GN2 > · · ·
of a soluble group when α = Fit . This raises the following question:
Question 4.3. Given a subgroup function α and a class of α-groups X is there a
canonical “top-down” construction of an α-series whose length is also minimal for
each X-group?
The dual condition for a “top-down” α-series
G = A0 > A1 > A2 > · · ·
to have minimal length is that each Ai 6 Gn−i for any α-series of the form (4.1). Of
course this is precisely the situation in our motivating examples of the lower central
series and the lower nilpotent series. With this sufficient condition in mind we make
the following definitions.
Definition 4.4. Let α be a subgroup function and G a group.
(a) For H 6 G we denote by KαG(H) the following set of normal subgroups of G:
KαG(H) = {N G |H 6 α(G÷N)}.
The α-kernel of H in G, denoted KαG(H), is then defined by
KαG(H) =
⋂
N∈KαG(H)
N.
When α is understood we will refer simply to KG(H) and KG(H).
(b) The α∗-series of G is defined by
α∗0(G) = G and α
∗
i+1(G) = KG(α
∗
i (G)) for i > 0.
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We now list some elementary properties of the α-kernel.
Lemma 4.5. Let α be a subgroup function and G a group with subgroups H and L.
Then
(a) KG(H) = KG(H
G);
(b) if H 6 L then KG(H) 6 KG(L);
(c) if LG then KG(H)L/L 6 KG/L(HL/L) and equality holds if L 6 KG(H).
Proof. (a) For every N G we have α(G÷N)G, thus
H 6 α(G÷N) if and only if HG 6 α(G÷N)
and KG(H) = KG(HG).
(b) This follows easily from the fact that KG(L) ⊆ KG(H), for if N ∈ KG(L)
then
H 6 L 6 α(G÷N)
and N ∈ KG(H).
(c) Denote KG(H) and KG/L(HL/L) by K and K∗ respectively. If N/L ∈ K∗
then
HL/L 6 α(G/L÷N/L) = α(G÷N)/L
and so N ∈ K. Therefore
KG(H)L/L = (
⋂
N∈K N)L/L 6
⋂
N∈K :L6N
N/L 6
⋂
N/L∈K∗
N/L = KG/L(HL/L).
Suppose now that L 6 KG(H) and choose N ∈ K. Then L 6 N and H 6 α(G÷N)
so that
HL/L 6 α(G÷N)/L = α(G/L÷N/L)
and N/L ∈ K∗. Thus
KG/L(HL/L) =
⋂
N/L∈K∗
N/L 6
⋂
N∈K
N/L = KG(H)/L
and equality holds.
The next result establishes that the length of the upper α-series is minimal and
also justifies our definition of the α∗-series.
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Lemma 4.6. Let α be an abstract subgroup function and G an α-group with α-series
1 = G0 6 G1 6 · · · 6 Gn = G.
Then α∗n−i(G) 6 Gi 6 αi(G) for each i = 0, . . . , n.
Proof. Assume that Gi 6 αi(G) by induction, the case i = 0 being clear. Then
Gi+1 6 α(G÷Gi) 6 α(G÷ αi(G)) = αi+1(G)
and the second inclusion is proved. For the first we show instead that α∗i (G) 6 Gn−i,
the case i = 0 again being obvious. Set A = α∗i (G) and assume by induction that
A 6 Gn−i. Then
A 6 Gn−i 6 α(G÷Gn−i−1)
so that Gn−i−1 ∈ KG(A). In particular
α∗i+1(G) = KG(A) 6 Gn−i−1 = Gn−(i+1)
and the proof is complete.
Example 4.7. The ζ∗-series of a nilpotent group is precisely the lower central series,
and the Fit∗-series of a soluble group is precisely the lower nilpotent series.
Proof. Set Z = ζ∗i (G), then N ∈ KG(Z) if and only if [Z,G] 6 N and it follows that
ζ∗i+1(G) = KG(Z) = [Z,G].
Of course ζ∗0 (G) = G = γ1(G) and the rest follows by induction.
Suppose F is a Fitting formation and let α be the function taking a group B to
BF, its F-radical (for example α = Fit when F = N). Set A = α
∗
i (G) and assume
by induction that A = GF
i
. Then N ∈ KG(A) if and only if AF 6 N , thus
α∗i+1(G) = KG(A) = A
F = GF
i+1
and the result is proved.
However in general there is no guarantee that the α∗-series of a group is actually
an α-series. Indeed while Lemma 4.6 shows that the length of the α∗-series is at
most the α-length of the group, it can in fact be smaller as the next example shows.
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Example 4.8. Consider the subgroup function ω and the group G = Q1×Q2, where
each Qi is isomorphic with the quaternions of order 8. Then the upper ω-series of
G is
1 < ω(G) = G′ < G
and has length 2. However each G/Qi is a T -group so that Qi ∈ KG(G) and G has
ω ∗-series
G > KG(G) = 1
of length 1.
In order to partially answer Question 4.3 we may instead ask
Question 4.9. Under what conditions on a subgroup function α and class of α-
groups X is the α∗-series of an X-group always an α-series?
4.2 Subdirect subgroup functions
A necessary condition for the α∗-series of an X-group to always be an α-series, and
the reason Example 4.8 fails, is that the class of X-groups of α-length 1 be closed for
subdirect products. A stronger, and in fact sufficient, condition is described next.
Definition 4.10. Let α be a subgroup function and X a class of groups. Then α is
subdirect on X if for every G ∈ X and every N1, N2 G
α(G÷N1) ∩ α(G÷N2) = α(G÷ (N1 ∩N2)).
Of course this condition generalises to any finite number of normal subgroups. Thus
if X is a class of finite groups then α is subdirect on X if and only if for every G ∈ X
and every H 6 G
H 6 α(G÷KG(H)). (4.2)
Moreover if X is closed for quotients then, via Lemma 4.5(c), condition (4.2) is
equivalent to
KG(H) = 1 if and only if H 6 α(G).
Lemma 4.11. Let α be a subdirect subgroup function on a class of finite α-groups
X, and let n be a positive integer. Then
(a) the α∗-series of an X-group G is an α-series of length lα(G);
(b) αn is subdirect on X;
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(c) if X is a formation then so is the class of X-groups of α-length at most n.
Proof. Let G ∈ X.
(a) This follows immediately from (4.2) and Lemma 4.6.
(b) Assume by induction that αn−1 is subdirect. Then for any N1, N2 G⋂
i
αn(G÷Ni) =
⋂
i
α(G÷ αn−1(G÷Ni)) = α(G÷
⋂
i αn−1(G÷Ni))
= α(G÷ αn−1(G÷
⋂
iNi)) = αn(G÷
⋂
iNi)
and αn is subdirect.
(c) If lα(G) 6 n then for any N  G we have G = αn(G) 6 αn(G ÷N) so that
lα(G/N) 6 n. Thus the class in question is closed for quotients.
Suppose now that N1, N2G such that lα(G/Ni) 6 n. Then G = αn(G÷Ni) for
each i and so G = αn(G÷ (N1 ∩N2)) by part (b). Therefore lα(G/(N1 ∩N2)) 6 n
and the class is closed for subdirect products.
4.3 Examples
The proof of Example 4.7 can be easily adapted to show that
Lemma 4.12. The subgroup functions ζ and B 7→ BF, for a Fitting formation F,
are subdirect on the class E of all finite groups.
Here we add B 7→ ζ(BF) and Soc to our list of examples, but first we introduce some
notation for comparing different subgroup functions.
Notation 4.13. If X is a class of groups and α, β are subgroup functions such that
α(G) 6 β(G) for all G ∈ X, we will write
α 6X β.
The straightforward proof of the following result is omitted.
Lemma 4.14. If X is Q-closed and α 6X β then
KβG(H) 6 KαG(H)
for all G ∈ X and H 6 G. In particular β∗n(G) 6 α∗n(G) for all n > 0.
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Theorem 4.15. Let F be a Fitting formation and denote by α the subgroup function
B 7→ ζ(BF). Then α is subdirect on E.
Proof. Let G be a finite group with subgroup H such that KαG(H) = 1. If β de-
notes the subgroup function B 7→ BF then clearly α 6E β whence KβG(H) = 1 by
Lemma 4.14. Setting F = GF we have H 6 F by Lemma 4.12. If N ∈ KαG(H) then
H 6 α(G÷N) and, since FN/N 6 (G/N)F = β(G/N), it follows that
[H,F ] 6 [H, β(G÷N)] 6 N.
Therefore
[H,F ] 6
⋂
N∈KαG(H)
N = KαG(H) = 1
and H 6 F ∩ CG(F ) = α(G).
The proof for Soc is little more than an exercise in using Lemma 2.9 to move
chief factors around.
Theorem 4.16. The subgroup function Soc is subdirect on E.
Proof. Suppose G is a finite group and H G is minimal such that KG(H) = 1 but
H 
 SocG. Let
KG(H) = {N1, . . . , Nn}
so that HNi/Ni 6 Soc(G/Ni) for all i = 1, . . . , n. Applying [34, 3.3.12] with Ω =
Inn, there exist mi chief factors Hij/Ni of G such that
HNi/Ni = Hi1/Ni × . . .×Himi/Ni.
Set Lij =
∏
k 6=j Hik and Jij = Lij ∩H. Then for any j
HNi/Ni = Hij/Ni × Lij/Ni
and in particular H 
 Lij and Jij 6= H. By Lemma 2.9 it follows firstly that
HNi/Lij = HijLij/NiLij
is a chief factor of G, and consequently that
H/Jij = (HNi ∩H)/(Lij ∩H)
is also a chief factor of G. Notice next that
⋂
j Lij/Ni = 1 and so⋂
i,j
Jij 6
⋂
i,j
Lij =
⋂
i
Ni = KG(H) = 1.
We may now choose a subset J of ⋃i,j{Jij} with the following properties:
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(i) H/J is a chief factor of G for all J ∈ J ;
(ii)
⋂
J∈J J = 1;
(iii)
⋂
J∈L J 6= 1 for any proper subset L ⊂ J .
Choose J ∈ J and define M = ⋂I∈J\{J} I so that M 6= 1 by property (iii). Then
M 
 J , since J ∩M = 1 by property (ii), and it follows that H = J ×M , since
H > JM G and H/J is a chief factor. Notice that J 6= H since M 6= 1. Now M
is minimal normal in G, since Lemma 2.9 shows that M = (H ∩M)/(J ∩M) is a
chief factor, and in particular M 6 SocG. Finally
KG(J) 6 KG(H) = 1,
by Lemma 4.5(b), and by the minimality of H we have J 6 SocG, a contradiction.
4.4 The ω ∗-series
We concentrate now on Question 4.9 for the strong Wielandt subgroup function ω
and the class of finite soluble groups S. We have been unable to decide whether the
ω ∗-series is always an ω-series for finite soluble groups, but consider the following
encouraging piece of evidence.
Denote by ζ Fit the subgroup function B 7→ ζ(FitB). In the previous section we
saw that ζ Fit and Soc are both subdirect on E, and in particular on S. Of course
Soc 6S ω 6S ζ Fit
and it follows from Lemma 4.14 that the factors of the ω ∗-series of a finite soluble
group G satisfy the dual of the rather restrictive property
SocG 6 ω(G) 6 ζ(FitG).
However, any hopes that we might prove ω is subdirect on S are soon dispelled
by the next example. The group described also shows that equality need not hold
in Lemma 4.5(c) when L 
 KG(H). Recall that for a finite group G, with N G,
g ∈ ω(G÷N) if and only if [S, g] 6 SNN for all SG.
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Example 4.17. Let S = 〈i, j, a〉 ∼= SL2(3) and Q = 〈x, y〉 ∼= Q8. Define an action
of Q on S by
ix = j, jx = i, ax = a2, [S, y] = 1
and form the semi-direct product G = S o Q. Since i2 = j2 and x2 = y2 are both
central in G the subgroups N1 = 〈y2〉 and N2 = 〈i2y2〉 are normal in G. Clearly
N1 ∩N2 = 1.
Notice next that [G,S] = S since a = [a, x] and S = 〈a, S ′〉. Of course G/S
is nilpotent and so S = GN . If M1 = 〈x, S〉 and M2 = 〈xy, S〉 then for the same
reasons we have S = MN1 = M
N
2 . All other subnormal subgroups of G are contained
in 〈y, S〉 and are therefore centralized by y. On the other hand [G, y] = 〈y2〉 and
S 63 y2 ∈ SN1 = SN2.
It follows therefore that y ∈ ω(G ÷ N1) ∩ ω(G ÷ N2) but y /∈ ω(G). (Note that
y /∈ G′ = ω ∗1 (G). In fact it turns out that the ω ∗-series of G is still an ω-series and
so Question 4.9 remains open.)
Now consider the normal subgroup L = 〈i2〉 and subgroup H = 〈y〉. Since
N1, N2 ∈ KG(H) we have KG(H) = 1. If N  G such that NL/L ∈ KG/L(HL/L)
then 〈
y2
〉
= [G,H] 6 SN.
Any such N must therefore contain N1 or N2, but since N1L/L = N2L/L we find
that KG/L(HL/L) = N1L/L 6= 1.
What we are able to show is that
Theorem 4.18. The subgroup function ω is subdirect on the class of finite groups
with p-length 1 for all primes p.
This will have important applications in Chapter 5 where, for example, we study
in detail the relationship between the Wielandt and strong Wielandt series of a
metabelian group. Theorem 4.18 also applies to metanilpotent groups, and this
is the best we can hope for in this direction since the group in Example 4.17 has
nilpotent length 3. It also has derived length 4, but whether there are counter-
examples of derived length 3 is not known.
The next three lemmas will allow us to reduce the proof of Theorem 4.18 to the
easy nilpotent case.
Lemma 4.19. Let G be a finite soluble group with H 6 G. If KωG(H) = 1 then
H 6 ζ(FitG).
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Proof. If α : B 7→ ζ(FitB) then ω 6S α so that KαG(H) 6 KωG(H) = 1, via
Lemma 4.14, and H 6 ζ(FitG) by Theorem 4.15.
Lemma 4.20. If G is a finite group with H 6 J G then KωJ (H) 6 KωG(H).
Proof. If N ∈ KG(H) then for all S J we have
[S,H] 6 J ∩ SNN = SN(J ∩N).
It follows that J ∩N ∈ KJ(H) and intersecting over all N ∈ KG(H) completes the
proof.
As we saw in Example 4.17 equality need not hold in Lemma 4.5(c) in general,
but the following technical result describes another special situation in which it does.
Lemma 4.21. Let pi be a set of primes and G a finite soluble group with subgroup
H and normal pi-subgroup L. Set R = [G,H]GN. If R ∈ Spi×Spi′ and Opi(R) 6 L
then
KωG/L(HL/L) = K
ω
G(H)L/L.
Proof. Write G∗ = G/L, H∗ = HL/L, K = KG(H) and K∗ = KG∗(H∗). Consider
the set of normal subgroups of G given by
J = {N G |N 6 R, H 6 ω(G÷N)}.
If N ∈ K then N ∩R ∈ J , for if SG then
[S,H] 6 SNN ∩ [G,H] 6 SNN ∩R = SN(N ∩R)
since SN 6 GN 6 R. Clearly J ⊆ K and so we have⋂
N∈J
N =
⋂
N∈K
(N ∩R) 6 KG(H). (4.3)
Choose N ∈ J . If S/LG/L then
[S/L,H∗] = [S,H]L/L 6 (SNN)L/L = (S/L)N(NL/L)
and it follows that NL/L ∈ K∗. Therefore
KG∗(H∗) =
⋂
N∗∈K∗
N∗ 6
⋂
N∈J
NL/L. (4.4)
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Furthermore if N ∈ J then NL = Opi′(N) × L since N 6 R and the assumptions
on R carry over to its normal subgroups. Thus
⋂
N∈J
NL =
⋂
N∈J
(Opi′(N)× L) =
( ⋂
N∈J
Opi′(N)
)
× L. (4.5)
Combining (4.3), (4.4) and (4.5) gives
KG∗(H∗) 6 (
⋂
N∈J Opi′(N))L/L 6 (
⋂
N∈J N)L/L 6 KG(H)L/L.
The reverse inclusion follows directly from Lemma 4.5(c).
Proof of Theorem 4.18. Suppose G, a group of p-length 1 for all primes p, and H,
a normal subgroup of G, are chosen with |G| + |H| minimal such that KG(H) = 1
but H 
 ω(G). Notice that H is abelian by Lemma 4.19. If H > N  G then
KG(N) 6 KG(H) = 1, by Lemma 4.5(b), and N 6 ω(G) by minimality of |H|. It
follows that H is a p-group for some prime p. Now H 6 Oq′(G) 6 ω q(G) for every
prime q 6= p and so we must have H 
 ω p(G). Choose p′-perfect SG such that
[S,H] 
 SN .
If J G such that H 6 J 6= G then KJ(H) 6 KG(H) = 1, by Lemma 4.20,
and minimality of |G| gives H 6 ω(J). However H 
 ω(HS) and so G = HS. In
particular G is p′-perfect; G also has p-length 1 by hypothesis and therefore G is
p-nilpotent. Notice then that GN = Op′(G).
Set L = Op′(G), then KG/L(HL/L) = 1 by Lemma 4.21 since
[G,H]GN 6 GNH 6 Op′(G)×Op(G) ∈ Sp′×Sp.
If L 6= 1 then minimality of |G| gives HL/L 6 ω(G/L) = ω p(G)/L, a contradiction.
Therefore L = 1 and in fact G is a p-group. From Lemma 4.19 we obtain the final
contradiction H 6 ζ(G) = ω(G).
As an immediate corollary to Theorem 4.18 we see that in any finite soluble
group the first two terms of the ω ∗-series behave nicely.
Corollary 4.22. Let G be a finite soluble group with Ui = ω
∗
i (G) for i = 0, 1, 2.
Then U0/U1 6 ω(G/U1) and U1/U2 6 ω(G/U2).
Proof. If N  G then G/N 6 ω(G/N) if and only if G/N is abelian and therefore
U1 = G
′. Similarly U1/U2 is abelian, thus G/U2 is metabelian and in particular
has p-length 1 for all p. By definition U2 = KG(U1) so that KG/U2(U1/U2) = 1, by
Lemma 4.5(c), and the result now follows directly from Theorem 4.18.
50 CHAPTER 4. A LOWER STRONG WIELANDT SERIES
We also note in passing that all finite soluble groups satisfy a dual to Conjec-
ture A.
Theorem 4.23. If G is a finite soluble group then ω ∗2 (G) 6 ω ∗1 (G).
Proof. Since ω ∗1 (G) = G
′ it suffices to show that KωG(G) ⊆ KωG(G′). If N ∈ KωG(G)
then G/N is a T -group and in particular wl(G/N) 6 2, by Corollary 3.11. Therefore
G′ 6 ω(G÷N) and N ∈ KωG(G′).
Chapter 5
Bounds on strong Wielandt length
In this chapter we derive a number of bounds on strong Wielandt length in terms of
other invariants. We saw in Chapter 3 that Conjecture A is satisfied by soluble A-
groups, nilpotent groups, metabelian groups, abelian-by-nilpotent groups and, more
generally, groups of p-length 1 for all p; in particular any such group G satisfies
wl(G) 6 2·wl(G). In Sections 5.1–5.6 we consider what improvements can be made
to this bound for these classes of groups. Section 5.7 deals with the effect of the
classes of Sylow subgroups, while in Section 5.8 we consider briefly the question of
when the strong Wielandt length of a group bounds that of its subgroups. Where the
bounds given are best possible, examples will be constructed using the techniques
outlined in Section 2.4.
5.1 A-groups
Recall that an A-group is one in which all Sylow subgroups are abelian. It follows
from Corollary 3.4 that that the strong Wielandt series and upper nilpotent series
of a finite soluble A-group coincide. Camina shows in [8, Proposition 1] that the
nilpotent length of any finite soluble group is at most one more than its Wielandt
length, and so we immediately have the following bound:
Theorem 5.1. If G is a finite soluble A-group then wl(G) 6 wl(G) 6 wl(G) + 1.
Suppose K is a finite group and p is a prime not dividing |K|. If G = Cp o K,
the regular wreath product, then it is clear that G is a soluble A-group if and
only if K itself is. Moreover by Lemma 2.42 we have wl(G) = wl(K) + 1 and
wl(G) = wl(K) + 1. We can therefore use iterated wreath products to find A-
groups which attain the bounds given in Theorem 5.1.
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Example 5.2. Let pi be the i
th prime. Suppose G2 is given and then for i > 2
define Gi+1 by
Gi+1 = Cpi+1 oGi.
If G2 = C3 o C2 then wl(Gn) = n = wl(Gn) for all n > 2, and if G2 = S3 then
wl(Gn) = n = wl(Gn) + 1 for all n > 2.
5.2 Nilpotent groups
In this section results about the strong Wielandt series and strong Wielandt length
of nilpotent groups will be formulated in terms of the upper central series and
nilpotency class respectively.
The odd order nilpotent groups of Wielandt length 2 have essentially been classi-
fied by Ormerod in [29]. It is not difficult to see that such groups have class at most
3, since odd order Dedekind groups are abelian. When this maximum class is at-
tained the group has the structure outlined in the following theorem, as guaranteed
by [29, Theorem A].
Theorem 5.3. Let p be an odd prime and P a finite p-group with wl(P ) = 2 and
c(P ) = 3. Then there exists a subgroup H of P such that P = H ζ2(P ) and either
H is a 2-generator group or p = 3 and H is isomorphic with a group A = 〈a, b, c〉
satisfying
γ3(A) =
〈
a3
〉
=
〈
b3
〉
=
〈
c3
〉
. (5.1)
Ormerod uses this information in [31, 2.3] to show that
if p > 5 and P is a p-group with wl(P ) = 3 then c(P ) 6 4. (5.2)
The main goal of this section is to establish that the following more general result
holds.
Theorem 5.4. Let p be a prime and P a finite p-group with Z 6 ζ(P ) such that
wl(P/Z) = 2. If p = 2 then c(P ) 6 4 and if p is odd then c(P ) 6 3.
We will see that (5.2), including the case p = 3, follows directly from Theorem 5.4.
In fact our method of proof is very similar to that used by Ormerod.
We begin by showing that all nilpotent groups of Wielandt length 2 have class
at most 3. While Dedekind groups of even order may not be abelian, their central
extensions are very restricted.
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Lemma 5.5. Let G be a finite nilpotent group with central subgroup Z such that
G/Z is Dedekind. Then c(G) 6 2.
Proof. This is clear when G/Z is abelian, so suppose that
G/Z = Q/Z × A/Z
where Q/Z is quaternion of order 8 and A/Z is abelian. Now A 6 ζ2(G) and
c(Q/Z) = 2 so that
[G,G,G] = [QA,QA,QA] = [Q,Q,Q] 6 Z ∩Q′.
The result follows, via [24, 2.4.8 & 2.1.7], since the Schur multiplier of Q/Z is trivial
and therefore Z ∩Q′ = 1.
Corollary 5.6. If G is a finite nilpotent group with wl(G) = 2 then c(G) 6 3.
Proof. The group G/ζ(G) has a central subgroup ω(G)/ζ(G), since ω(G) 6 ζ2(G)
by Corollary 3.3, and G/ω(G) is Dedekind by hypothesis. Therefore c(G/ζ(G)) 6 2,
by Lemma 5.5, and c(G) 6 3.
The next lemma is only a slight modification of [31, 2.1].
Lemma 5.7. Let G be a finite nilpotent group with Z 6 ζ(G). If w ∈ ω(G ÷ Z)
then [w, g, g] = 1 for all g ∈ G.
Proof. Choose g ∈ G, then since wZ ∈ ω(G/Z) it normalizes the subnormal sub-
group 〈gZ〉 of G/Z. Thus there is an integer n such that [wZ, gZ] = (gZ)n, and in
turn there exists z ∈ Z such that [w, g] = gnz. Therefore [w, g, g] = [gnz, g] = 1.
We can now prove the main theorem of this section.
Proof of Theorem 5.4. Notice that c(P/Z) 6 3, by Corollary 5.6, thus c(P ) 6 4.
Now suppose p is odd and let H/Z be the 2- or 3-generator subgroup of P/Z guar-
anteed by Theorem 5.3. Also set C = ζ2(P ÷ Z), noting that C 6 ζ3(P ) since
Z 6 ζ(P ). Then P/Z = HC/Z so that
γ4(P ) = [HC,HC,HC,HC] = [H,H,H,H] = γ4(H)
and it suffices to show c(H) 6 3.
Suppose first that H/Z is a 2-generator group so that H = 〈a, b, Z〉 for some
a, b ∈ H. Since wl(H/Z) = 2 we must have (H/Z)′ 6 ω(G/Z) and therefore
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H ′ 6 ω(G ÷ Z). Lemma 5.7 shows that [H ′, h, h] = 1 for all h ∈ H. Substituting
h = ab and appealing to Lemma 2.17 gives
1 = [a, b, ab, ab] = [a, b, a, a][a, b, b, a][a, b, a, b][a, b, b, b] = [a, b, b, a][a, b, a, b].
On the other hand 〈a, b〉 is a 2-generator group of class at most 4 and is therefore
metabelian, by Lemma 2.18. In particular [a, b, b, a] = [a, b, a, b], by [27, 34.51], and
so [a, b, b, a]2 = 1. Since p is odd we must have [a, b, b, a] = 1. Similar arguments
show that all weight 4 commutators in a and b are trivial, and since Z is central it
follows that c(H) 6 3.
If H/Z = 〈aZ, bZ, cZ〉 is isomorphic with the 3-generator group A satisfying
(5.1) then
γ3(H) 6
〈
a3
〉
Z =
〈
b3
〉
Z =
〈
c3
〉
Z.
Thus γ3(H) commutes with each of 〈a〉, 〈b〉, 〈c〉 and Z, and again c(H) 6 3.
Corollary 5.8. Let p be an odd prime and P a finite p-group. If wl(P ) = 3 then
c(P ) 6 4.
Proof. Since ω(P ) 6 ζ2(P ) the group P/ζ(P ) has a central subgroup ω(P )/ζ(P )
whose quotient has Wielandt length at most 2. Thus c(P/ζ(P )) 6 3, by Theo-
rem 5.4, and c(P ) 6 4.
There is another interesting corollary to Theorem 5.4. In [32, 2.5] Ormerod
proves that
if P is a metabelian p-group, wl(P ) 6 p and ω(P ) = ζ(P ), then c(P ) = wl(P ).
When wl(P ) 6 3 the hypothesis that P is metabelian can be dropped:
Corollary 5.9. Let p be a prime and P a finite p-group. If wl(P ) 6 min{3, p} and
ω(P ) = ζ(P ) then c(P ) = wl(P ).
Proof. Set n = wl(P ). The result is trivial for n = 1, and of course c(P ) > n
in general. If n = 2 then P/ζ(P ) = P/ω(P ) is Dedekind and so c(P ) 6 2 by
Lemma 5.5. If n = 3 then p is odd and wl(P/ζ(P )) = wl(P/ω(P )) = 2 so that
c(P ) 6 3 by Theorem 5.4.
Of course such groups are necessarily metabelian, having class at most 3, but the
result is proved without knowing this a priori. Elizabeth Ormerod has kindly com-
municated the following example, which shows that Corollary 5.9 cannot be extended
to the case when wl(P ) = 4.
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Example 5.10. Let P be a 5-group with the following presentation:
P =
〈
a, b
∣∣ a625 = b625 = [b125, a] = 1, [a125, b] = [b, a, a, a, b],
[b, a, a, a, a] = [b, a, b, b, a] = [b, a, b, b, b] = 1,
[b, a, a, b, a] = [b25, a][a5, b, a] = [b5, a, a] = [b, a, b, a, a],
[b, a, a, b, b] = [a5, b, b] = [b5, a, b] = [b, a, b, a, b],
[b, a, a, b, a, b] = [b, a, a, b, b, a] = [b, a, a, b, b, b] = 1,
[b, a, a, a, b, a] = [b, a, a, a, b, b] = [b, a, a, b, a, a] = 1
〉
.
Then ω(P ) = ζ(P ) and wl(P ) = 4 < p, but d(P ) = 3 and c(P ) = 5. (These
properties have been verified with the algebra program MAGMA [5].)
We end this section by stating two important results of Ormerod, also concerning
metabelian p-groups. They are both easy corollaries to [32, 2.2].
Theorem 5.11. If p is an odd prime and P is a finite metabelian p-group then
ωn(P ) 6 ζn+1(P ) for all n > 0. In particular c(P ) 6 wl(P ) + 1.
Corollary 5.12. Let p be an odd prime and P a finite metabelian p-group.
(a) If ω(G) = ζ2(G) then ωn(G) = ζn+1(G) for all n > 1.
(b) If ω2(G) = ζ2(G) then ωn(G) = ζn(G) for all n > 2.
Remark 5.13. (a) For Wielandt length at least 2 the bound in Theorem 5.11 is
best possible: it is shown in [28] that, for any integer n > 2 and any odd prime p,
there exists a metacyclic p-group P with wl(P ) = n = c(P )− 1.
(b) While, by virtue of Corollaries 5.6 and 5.8, the bound in Theorem 5.11 applies
to any odd order p-group of Wielandt length at most 3, in Section 3 of [30] Ormerod
exhibits a non-metabelian 5-group of Wielandt length 4 and class 6.
5.3 Reduction lemmas
A number of technical lemmas are developed in this section. We begin by stating
explicitly the important corollary to Theorem 4.18 and Lemma 4.11. It will be used
extensively in Sections 5.4, 5.5 and 5.6.
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Corollary 5.14. Let n be a positive integer and G a finite group with p-length 1 for
all primes p. If N1, . . . , Nk G then⋂
i
ωn(G÷Ni) = ωn(G÷
⋂
iNi).
In particular the class of finite groups with p-length 1 for all primes p and strong
Wielandt length at most n is a formation.
Corollary 5.14 will most often be applied to show that a minimal counter-
example, to some condition on the strong Wielandt series, is monolithic. Then
for some prime p the p′-radical of this counter-example is trivial, by Lemma 2.12,
and since the group in question has p-length 1 its Sylow p-subgroup and Fitting
subgroup coincide. Next we can apply Corollary 3.7 to show that either the strong
Wielandt subgroup and Fitting subgroup coincide, or the Wielandt subgroup is
nilpotent. To illustrate this method we offer a different proof of the fact that groups
of p-length 1 for all p satisfy Conjecture A.
Alternative proof of Corollary 3.21. Suppose G is minimal such that ω(G) 
 ω2(G).
Then G is monolithic, for if N1 and N2 are distinct minimal normal subgroups of G
then
ω(G) 6
⋂
i
ω(G÷Ni) 6
⋂
i
ω2(G÷Ni) = ω2(G).
Thus Op′(G) = 1 for some p and P = FitG is the unique Sylow p-subgroup of G.
Now ω(G)P/P is central in G/P , by Theorem 2.26(m), thus ω(G) 6= P and ω(G)
must be nilpotent. By Lemma 2.29 and Corollary 3.3 we have
ω(G) = ω(P ) 6 ζ2(P ) 6 ω2(G),
a final contradiction.
The next two results give useful information about a monolithic group with
nilpotent Wielandt subgroup.
Lemma 5.15. Let p be a prime and G a finite monolithic group with normal Sylow
p-subgroup P . Suppose further that W is an abelian normal subgroup of G such that
W 6 ω(P ). Then either W 6 ζ(P ) or Op′(G/W ) = 1.
Proof. Note that Op′(G) = 1 if P is non-trivial. Let Q = Op′(G ÷W ). Then W is
an abelian normal Sylow p-subgroup of Q and therefore has the decomposition
W = CW (Q)× [W,Q],
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by Theorem 2.16. One of these factors must be trivial since G is monolithic. If
W = CW (Q) then Q = W ×Qp′ and
Qp′ = Op′(Q) 6 Op′(G) = 1
so that in fact Q = W . That is Op′(G/W ) = 1.
Suppose on the other hand W = [W,Q] and observe that Q is p-perfect by
Lemma 2.11. Then via Theorem 2.4 we have
Opp
′
(PQ) = Opp
′
(P ) Opp
′
(Q) = Op
′
(Q) = W
and Theorem 2.5 shows that W , being the abelian p-nilpotent residual of PQ, is
complemented in PQ. That W 6 ζ(P ) now follows from Lemma 2.38.
The case in which the subgroup W in Lemma 5.15 is non-abelian is dealt with
by the following corollary to [7, 3.6].
Corollary 5.16. Let G be a finite soluble monolithic group with normal Sylow 2-
subgroup P and O2′(G) = 1. If ω(G) is non-abelian then wl(G) 6 3.
Proof. Since ω(G) is 2-nilpotent and O2′(G) = 1 it follows from Lemma 2.29 that
ω(G) = ω(P ). In fact ω(G) = P since, by a result of Baer [4], the Wielandt subgroup
of a 2-group is non-abelian if and only if the group is Hamiltonian (see for example
[7, 3.5]). In particular
P = ω(P ) 6 ζ2(P ) 6 ω2(G)
via Corollary 3.3 and Lemma 2.29. It will be sufficient to show that G/P is abelian.
By [7, 3.6] G is the subdirect product of groups H and K, with H/O2(H) iso-
morphic to a subgroup of S3 and ω
2(K) abelian. Since G is monolithic we must have
G ∼= H or G ∼= K, but of course G 6∼= K because ω(G) is non-abelian. Therefore
G ∼= H and |G : P | = |H : O2(H)| divides 6. Since |G : P | is coprime to 2 it follows
that G/P is trivial or cyclic of order 3.
The situation in which a group G has central subgroup Z with G/Z a T -group
arises often in the study of how Wielandt length influences other group invariants. It
is clear that such a group has strong Wielandt length at most 3, since Z 6 ω(G) and
T -groups have strong Wielandt length at most 2. The following example, originally
due to Camina [8], shows that this is best possible in general, since there exist groups
of this type with derived length 3.
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Example 5.17. Let p be an odd prime and E = 〈u, v〉 ∼= Ep the extra-special group
of order p3 and exponent p. Define an action of 〈x〉 ∼= C2 on E by
ux = u−1, vx = v−1
and form the semidirect product H = E o 〈x〉. Notice that x centralizes [u, v] so
that ζ(H) = E ′. Now every subgroup of the abelian group E/E ′ is inverted by x and
is therefore normal in H/E ′. Moreover H/E is abelian and gcd(|E/E ′|, |H/E|) = 1.
We conclude from [34, 13.4.5] that H/ζ(H) = H/E ′ is a T -group. On the other
hand u2 = [u−1, x] and v2 = [v−1, x] so that H ′ = E and consequently d(H) = 3.
However there are special situations in which better bounds on derived length
are possible. For example Camina proves in [8, Lemma 4] that G is metabelian if it
has odd order, while Bryce and Cossey prove in [7, 4.2] that G is metabelian if Z
is a 2-group. The next two important lemmas establish that the bound on strong
Wielandt length also improves with these extra hypotheses, as well as certain others.
The proof of Lemma 5.18 is similar to that of [8, Lemma 4]. Also notice that the
proof of Lemma 5.19 shows that the group described in Example 5.17 is in some
sense typical—see (5.3).
Lemma 5.18. Let p be an odd prime and G a finite soluble group with Op′(G) = 1
and Z 6 ζ(G). Set F = FitG and W = ω(G÷Z). If F is non-abelian and properly
contained in W then |W : F | = 2.
Proof. Firstly F/Z is Dedekind of odd order and so is abelian. Also Z 6 ζ(F ) and F
is non-abelian, thus c(F ) = 2 and we may choose a, b ∈ F such that h = [a, b] is non-
trivial. Now F = Fit(G ÷ Z), by Lemma 2.15, and it follows from Theorem 2.7(e)
that W/F is cyclic with generator wF , say. Since w acts on the abelian p-group
F/Z as a universal power automorphism, by [34, 13.4.3], there exists an integer n
such that
(fZ)w = (fZ)n for every f ∈ F .
In turn there are elements h1, h2 ∈ Z with
aw = anh1 and b
w = bnh2.
Now h, h1, h2 ∈ Z 6 ζ(G) and so
h = hw = [a, b]w = [aw, bw] = [anh1, b
nh2] = [a
n, bn] = [a, b]n
2
= hn
2
,
using [14, A,7.3(a)]. In particular n2 ≡ 1 (mod p), since h is a non-trivial p-element,
and w2 centralizes all p-chief factors of W/Z, since they have order p. It follows that
w2Z ∈ Op′p(W/Z) = F/Z and finally that |W/F | = 2.
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Lemma 5.19. Let G be a finite soluble group with central subgroup Z such that
G/Z is a T -group. Then wl(G) 6 2 if any of the following holds:
(a) |G| is odd;
(b) GN is abelian;
(c) G is isomorphic with a q′-subgroup of GL2(q) for some prime q;
(d) G is isomorphic with a 3′-subgroup of GL3(3);
(e) Z is a 2-group.
Proof. Observe that G is supersoluble and in particular is 2-nilpotent and has p-
length 1 for all primes p (see [34, 5.4.8 & 5.4.10]). We show first that
if wl(G) = 3 then G has a normal subgroup N and odd order
Sylow subgroup P such that c(PN/N) = 2 and |G : PN | = 2.
(5.3)
If G has distinct minimal normal subgroups N1 and N2 then wl(G/Ni) = 3 for
at least one i, by Corollary 5.14, and by induction on |G| we may assume G/Ni,
and hence G itself, satisfies (5.3). Therefore we may suppose G is monolithic and
that Op′(G) = 1 for some prime p. Let P = FitG, the unique Sylow p-subgroup
of G. Note that ω(G) = ζ(P ) by Corollary 2.30 and G/P is abelian since G is
supersoluble. In particular P is non-abelian, and since P has central subgroup Z
with Dedekind quotient it follows from Lemma 5.5 that c(P ) = 2. Therefore P 6= G
and we must have p 6= 2 since G is 2-nilpotent. Of course G = ω(G ÷ Z) and
applying Lemma 5.18 shows that |G : P | = 2, establishing (5.3) with N = 1.
We now suppose that there exist subgroups N and P satisfying (5.3) and derive a
contradiction when G has any of the additional properties (a)–(d). This is immediate
for (a) and for the remaining cases it will suffice to show that PN/N must be
abelian. Notice that G/ZN is a non-nilpotent T -group and, via Theorem 2.7(b),
that (G/ZN)N = PN/ZN . Thus
PN/N = GNZN/N = (G/N)N · ZN/N.
If (b) holds then (G/N)N is abelian and so therefore is PN/N , since ZN/N is
central. In parts (c) and (d) G has a faithful representation of degree n over Fq,
where r > n for every odd prime r dividing |G|. Appealing to [22, IX,8.5] shows
that every odd order Sylow subgroup of G is abelian, and so therefore is PN/N .
Finally suppose Z is a 2-group and let K = O2′(G), the unique Hall 2
′-subgroup
of G. Then G/K is nilpotent with central subgroup ZK/K whose quotient is
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Dedekind, and Lemma 5.5 gives wl(G/K) = c(G/K) 6 2. On the other hand
G/Z is a T -group so that wl(G/Z) 6 2, and since G is clearly the subdirect product
of G/K and G/Z it follows from Corollary 5.14 that wl(G) 6 2.
The proof of part (e) relies only on the fact that G is 2-nilpotent. In general
G, being supersoluble, is p-nilpotent for the smallest prime divisor of |G| and so
condition (e) can be generalised to
Z is a p-group, where p = min pi(G).
Of course if p 6= 2 then |G| is odd and we may apply part (a) instead.
5.4 Metabelian groups
In this section we generalise Theorem 5.11 to non-nilpotent metabelian groups of
odd order. The terms of the Wielandt and strong Wielandt series alternate in such
a group G and so wl(G) 6 wl(G)+1; this bound is best possible by Remark 5.13(a).
In fact a much stronger result emerges: each factor ωn(G)/ωn(G) is central.
One more technical lemma is needed first.
Lemma 5.20. Let G be a finite monolithic group with abelian nilpotent residual R
and Fitting subgroup F . If G is non-nilpotent then ζn(F ) 6 ζn−1(F ÷ R) for all
n > 1, and in particular c(F/R) 6 c(F )− 1.
Proof. Set Z = ζ(F ), then by induction on n it will suffice to show Z 6 R. Firstly
Op′(G) = 1 for some prime p and so F is the unique Sylow p-subgroup of G. Let Q
be a Hall p′-subgroup of G, then
G/R = F/R×QR/R
and it follows that R = (QR)N and in particular that R = [R,Q]. If M is the
monolith of G then M 6 R, since G is non-nilpotent, and [14, A,12.6] shows that
M = [M,Q]. In particular M is not central in G and therefore ζ(G) = 1. Of course
F 6 CG(Z) so that Theorem 2.16 gives
Z = CZ(G)× [Z,G].
One of the factors in this decomposition must be trivial, since G is monolithic, but
if Z = CZ(G) then Z 6 ζ(G) = 1. Therefore Z = [Z,G] and it follows from
Lemma 2.10 that Z 6 R.
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From the nature of its proof it will be clear that the next theorem generalises
to all finite metabelian groups if and only if Theorem 5.11 holds for metabelian
2-groups.
Theorem 5.21. If G is a metabelian group of odd order then for all n > 0
[ωn(G), G] 6 ωn(G). (5.4)
In particular ωn(G) 6 ωn+1(G), for all n > 0, and wl(G) 6 wl(G) + 1.
Proof. Suppose n > 1 and G are minimal such that (5.4) is violated. Then G is
monolithic and Op′(G) = 1, for some prime p, so that P = FitG is the unique
Sylow p-subgroup of G and G/P is abelian. Of course G must be non-nilpotent by
Theorem 5.11.
Set V = ω(G) and W = ω(G). If wl(G) 6 2 then G′ 6 V , a contradiction.
Therefore V 6= P and W is nilpotent by Corollary 3.7. In fact W = ω(P ) and
V = ζ(P ), by Lemma 2.29, and P must be non-abelian. Let Q be a Hall p′-subgroup
of G.
Writing R = GN we have
ζn−1(P/R) 6 ζn−1(G/R) = ωn−1(G/R)
since G/R = P/R×QR/R is nilpotent. Also Q is an abelian p′-group of operators
for P and so
[G,Q] = [PQ,Q] = [P,Q] = [P,Q,Q] = [P,Q, . . . , Q] 6 [G,G, . . . , G] = R,
for sufficiently large weight. Now
ωn(G) = (ωn(G) ∩ P )(ωn(G) ∩Q) 6 ωn(P )Q,
via Lemma 2.29, thus applying Theorem 5.11 and Lemma 5.20 gives
[ωn(G), G] 6 [ωn(P ), P ][Q,G] 6 ζn(P )R 6 ζn−1(P ÷R) 6 ωn−1(G÷R).
On the other hand the minimality of n shows that
[ωn(G), G] = [ωn−1(G÷W ), G] 6 ωn−1(G÷W )
and therefore, via Corollary 5.14, that
[ωn(G), G] 6 ωn−1(G÷ (R ∩W )).
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Finally Theorem 2.5 shows that R, being abelian, is complemented in G and there-
fore also in P . Thus R ∩W 6 V , by Lemma 2.38, and we obtain the contradiction
ωn−1(G÷ (R ∩W )) 6 ωn−1(G÷ V ) = ωn(G).
This completes the proof of (5.4) and the remaining statements follow at once.
The relationship between the two series is even more restricted when ω(G) is as
large as possible. Compare the next result with Corollary 5.12(a).
Corollary 5.22. Let G be a metabelian group of odd order. If ω(G) = ω2(G) then
ωn(G) = ωn+1(G) for all n > 1, and in particular G/ω(G) is nilpotent.
Proof. Assume by induction on n that ωn−1(G) = ωn(G). Applying Theorem 5.21
first shows that
ωn(G) 6 ωn+1(G) = ω(G÷ ωn(G))
= ω(G÷ ωn−1(G)) 6 ω(G÷ ωn−1(G)) = ωn(G)
and equality holds throughout. Thus for all n > 1 we have
ωn+1(G) = ωn(G) 6 ζ(G÷ ωn(G)) 6 ω(G÷ ωn(G)) = ωn+1(G),
via (5.4) of Theorem 5.21, and consequently the strong Wielandt and upper central
series of G/ω(G) coincide.
On the other hand, we have been unable to decide whether Corollary 5.12(b)
generalises to non-nilpotent metabelian groups. It is not immediately apparent that
a minimal counter-example will be monolithic, since the condition ω2(G) = ω2(G) is
not preserved by quotients. Also, any attempt to use induction on n will most likely
involve the study of a quotient in which the Wielandt and strong Wielandt subgroups
coincide. Ormerod has shown in Section 3 of [32] that, even in metabelian p-groups,
this condition places very little restriction on the relationship between higher terms
of the two series.
5.5 Abelian-by-nilpotent groups
Recall from Section 5.4 that the class of odd order metabelian groups has the
same bound on strong Wielandt length, in terms of Wielandt length, as its sub-
class of nilpotent groups (compare Theorems 5.11 and 5.21). It is not difficult to
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show, adapting the proof of Theorem 5.21, that the same is true of the even order
metabelian groups, although the exact bound for metabelian 2-groups is not yet
known.
There is evidence that this strict control, by the bound in a nilpotent subclass,
also occurs in the class of abelian-by-nilpotent groups. Compare the next two results
with Corollaries 5.6 and 5.8.
Theorem 5.23. Let G be a finite group in which GN is abelian, and set n = wl(G).
If n > 2 then wl(G) 6 2n− 1.
Proof. Suppose n = 2 and set W = ω(G) and V = ω(G). Then W/V is central
in G/V , by Corollary 3.10, and G/W is a T -group so that wl(G/V ) 6 2, by part
(b) of Lemma 5.19. The rest follows by induction on n since, via Corollary 3.10,
ωi(G) 6 ω2i(G) for all i > 0.
Enough is known about the Wielandt structure of odd order p-groups to show
that the bound in Theorem 5.23 is still too big for odd order abelian-by-nilpotent
groups with Wielandt length at least 3.
Theorem 5.24. Let G be a finite group of odd order in which GN is abelian, and
set n = wl(G). If n > 3 then wl(G) 6 2n− 2.
Proof. It will suffice to prove wl(G) 6 4 when wl(G) = 3. Let G be a monolithic
counter-example with Op′(G) = 1, for some prime p, and P = FitG ∈ Sylp(G). Set
V = ω(G), W = ω(G) and R = GN , noting that R 6 P and so G/P is nilpotent.
If V = P then W/V is central in G/V , by Theorem 2.26(m), and since G/W is
nilpotent of Wielandt length 2 Theorem 5.4 gives the contradiction wl(G/V ) 6 3.
Therefore W 6 P and in fact W = ω(P ) and V = ζ(P ).
Since R is abelian it is complemented in G and therefore also in P . In particular
W ∩R 6 V and it suffices to show that G/W and G/R both have strong Wielandt
length at most 3. This is immediate for G/W by Theorem 5.23. If Q is a Hall
p′-subgroup of G then
G/R = P/R×QR/R
and since W 6 P we have
wl(QR/R) = wl(G/P ) 6 wl(G/W ) 6 3.
Applying Lemma 5.20 gives the final contradiction
wl(P/R) = c(P/R) 6 c(P )− 1 6 3,
since c(P ) 6 4 by Corollary 5.8.
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Notice that, by parts (a) and (b) of Remark 5.13, the bound in Theorem 5.24 is
best possible for n = 3 and 4.
5.6 Groups of p-length one for all p
In this section we establish the following bounds.
Theorem 5.25. Let G be a finite group with p-length 1 for all primes p.
(a) If wl(G) = 2 then wl(G) 6 4;
(b) If wl(G) = 3 then wl(G) 6 5;
(c) If wl(G) = 4 then wl(G) 6 7;
(d) If wl(G) = 5 then wl(G) 6 9.
We also provide examples which show that parts (a), (b) and (c) of this result
are best possible. On the other hand, whether part (d) is best possible is not yet
known. This question will also be discussed, as well as the possibility of finding
corresponding bounds for groups with larger Wielandt length.
The proof of Theorem 5.25 will require two further technical lemmas which are
specific to groups of small Wielandt length.
Lemma 5.26. Let G be a finite group with q-length 1 for all primes q. Assume
further that G has a normal Sylow p-subgroup P , for some prime p, and that there
exists W G such that W 6 ω(P ) and G/W is a T -group. Set R = Op′p(G÷W ).
Then
wl(G) 6 max{c(P ) + 1, 3} and wl(R) 6 max{c(P ), 3}.
Proof. By Corollary 3.11 we may assume P 6= 1. If N · G then N 6 R, G/WN
is a T -group and WN/N 6 ω(PN/N). Thus if G is a minimal counter-example
to the claim it is monolithic, by Corollary 5.14, and Op′(G) = 1. Observe that W
must be abelian, since otherwise O2′(G) = 1 and Corollary 5.16 immediately gives
wl(G) 6 3. By Lemma 5.15 either W 6 ζ(P ) or Op′(G/W ) = 1.
If W 6 ζ(P ) then in fact W 6 ω(G), by Lemma 2.29, and
wl(R) 6 wl(G) 6 1 + wl(G/W ) 6 3
since G/W is a T -group. Thus Op′(G/W ) = 1, but then R = P and G/P is abelian,
by Theorem 2.7(e). Writing c = c(P ) we have wl(R) = c and P 6 ωc(G), via
Lemma 2.29 again, so that wl(G) 6 c+ 1, a final contradiction.
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Compare the next result with Lemma 5.19 and Theorem 5.4.
Lemma 5.27. Let G be a finite group with p-length 1 for all primes p. If Z 6 ζ(G)
and wl(G/Z) = 2 then wl(G) 6 4.
Proof. By induction on |G| and Corollary 5.14 we may assume G is monolithic and
thus has Op′(G) = 1 for some prime p. Let P = FitG be the unique Sylow p-
subgroup of G and observe that P = Fit(G÷Z) by Lemma 2.15, since Z is central.
It follows that Op′(G/Z) = 1 and, with W = ω(G ÷ Z), Corollary 3.7 shows that
either P 6 W or W 6 P . Write c = c(P ).
Suppose first that P 6 W so that P/Z is Dedekind and c 6 2 by Lemma 5.5.
Now P 6 ωc(G), by Lemma 2.29, thus
wl(G) 6 c+ wl(G/P ) (5.5)
and it suffices to prove wl(G/P ) 6 2. Since P/Z = Fit(W/Z) = Op′p(W/Z),
Theorems 2.26(m) and 2.7(e) show that W/P is central in G/P of order dividing
p − 1. If p = 2 then W = P so that G/P is a T -group and wl(G/P ) 6 2. Assume
therefore that p is odd. In general wl(G/P ) 6 3 and so we may also assume P is
non-abelian, for (5.5) again gives wl(G) 6 4 if c = 1. Applying Lemma 5.18 shows
that |W : P | = 2. Finally G/P has central 2-subgroup W/P whose quotient is a
T -group, and from part (e) of Lemma 5.19 we conclude that wl(G/P ) 6 2.
Suppose on the other hand that W 6 P and set V = ω(G) and R = Op′p(G÷W ),
noting that |G : R| divides p − 1 by Theorem 2.7(e). Observe also that Z 6 V ,
W 6 ω(P ÷ V ) and, via Lemma 2.29 again, that V = ζ(P ). Therefore the group
G/V , its unique Sylow p-subgroup P/V and normal subgroup W/V satisfy the
hypotheses of Lemma 5.26 and so
wl(G/V ) 6 max{c, 3} and wl(R/V ) 6 max{c− 1, 3}, (5.6)
since c(P/V ) = c − 1. We now apply Theorem 5.4 to the group P with central
subgroup Z: if p is odd then c 6 3 and if p = 2 then c 6 4. Of course if p = 2 then
in fact G = R and so in either case (5.6) gives wl(G/V ) 6 3, or wl(G) 6 4.
We are now in a position to prove the main theorem.
Proof of Theorem 5.25. By Corollary 3.21 it suffices to prove part (b) only. Suppose
the claim is false, then by Corollary 5.14 we may choose a monolithic group G with
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wl(G) = 3 and wl(G) > 5. Note that Op′(G) = 1 for some prime p. Throughout
the proof we will write
P = Op(G), W = ω(G), W2 = ω2(G), V = ω(G) and V2 = ω2(G).
Now WP/P 6 ζ(G/P ), by Theorem 2.26(m), and of course wl(G/WP ) 6 2 so that
wl(G/P ) 6 4 by Lemma 5.27. This gives an immediate contradiction if V = P and
we conclude, via Corollary 3.7, that W is nilpotent. By Lemma 2.29 we have
W = ω(P ) and V = ζ(P ).
By Corollary 5.16 we may assume W is abelian. Observe next that W 
 V , since
wl(G/W ) 6 2 · wl(G/W ) = 4,
and therefore that Op′(G/W ) = 1 by Lemma 5.15. Then V2 = ζ2(P ) and Corol-
lary 3.7 gives rise to two possibilities: either W2 6 P or P < W2.
Suppose first that W2 6 P so that W2 = ω2(P ), again by Lemma 2.29. Set
R = Op′p(G ÷W2) and note that |G : R| divides p − 1 by Theorem 2.7(e). Now
W 6 V2, thus
W2 = ω(P ÷W ) 6 ω(P ÷ V2)
and so the group G/V2, its unique Sylow p-subgroup P/V2 and normal subgroup
W2/V2 satisfy the hypotheses of Lemma 5.26 and
wl(G/V2) 6 max{c(P/V2) + 1, 3} and wl(R/V2) 6 max{c(P/V2), 3}. (5.7)
If p is odd then c(P ) 6 4, by Corollary 5.8, and if p = 2 then G = R and c(P ) 6 5,
by Theorem 5.23. Of course c(P/V2) = c(P )− 2 and in either case (5.7) shows that
wl(G/V2) 6 3, a contradiction.
We conclude that P < W2. Now W2/P is central in G/P and non-trivial of order
dividing p − 1, by Theorems 2.26(m) and 2.7(e). Notice in particular that p 6= 2.
Also G/W2 is a T -group so that
wl(G/P ) 6 3.
Moreover wl(P ) 6 2 so that c(P ) 6 3 by Corollary 5.23. In fact c(P ) = 3, for if
c(P ) 6 2 then P 6 V2 and wl(G/V2) 6 wl(G/P ) 6 3. Since p 6= 2 we can find a 2-
or 3-generator subgroup H of P with the properties outlined in Theorem 5.3.
Write C = CG(P/V2), and notice that if A = Frat (P÷V2) then C = CG(P/A) by
[14, A,12.6]. Now P/V2 ∼= H/(H ∩ V2), thus if H is an n-generator group then P/A
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has dimension at most n as an Fp(G/C)-module. Since P/A is faithful as a module it
follows from the properties of H that G/C is isomorphic either with a p′-subgroup of
GL2(p) or possibly with a 3
′-subgroup of GL3(3) when p = 3. Furthermore W2C/C
is central and G/W2C is a T -group, thus parts (c) and (d) of Lemma 5.19 show that
wl(G/C) 6 2.
Clearly V2/V is central in P/V and so by Theorem 2.16 it has the decomposition
V2/V = CV2/V (C/V )× [V2, C]V/V ;
denote these direct factors by X/V and Y/V respectively, noting that X, Y  G,
and let Q be a Hall p′-subgroup of C. Then
C/V2 = P/V2 ×QV2/V2
so that QV2 G. Furthermore QV2/X has unique Sylow p-subgroup V2/X and
[QV2, V2]X = Y X = V2
so that QV2/X is p-perfect by Lemma 2.11. Then by Theorem 2.4 we have
Opp
′
(C/X) = Opp
′
(P/X) Opp
′
(QV2/X) = O
p′(QV2/X) = V2/X
and Theorem 2.5 shows that V2/X, being the abelian p-nilpotent residual of C/X,
is complemented in C/X. In particular we can find a complement L/X to V2/X in
P/X, and since V2/X is central in P/X we have
P/X = V2/X × L/X.
Each factor here is abelian so that P/X 6 ω(G÷X), by Lemma 2.29, and
wl(G/X) 6 1 + wl(G/P ) 6 4.
On the other hand [V2, Q] 6 Y so that V2/Y is a central Sylow p-subgroup of
QV2/Y which therefore has unique Hall p
′-subgroup QY/Y . In particular QY G
andG/QY has unique Sylow p-subgroup C/QY ∼= P/Y of class at most 2. Therefore
C/QY 6 ω2(G/QY ), again using Lemma 2.29, and
wl(G/QY ) 6 2 + wl(G/C) 6 4.
Of course
X ∩QY = X ∩ V2 ∩QY = X ∩ Y = V
and G/V is the subdirect product of G/X and G/QY . Appealing again to Corol-
lary 5.14 gives the final contradiction wl(G/V ) 6 4.
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Background for the constructions in the next example appears in Section 2.4.
Also note that the existence of primes with the desired properties is guaranteed by
Dirichlet’s famous result [13]: given integers a and b with gcd(a, b) = 1, there exist
infinitely many integers n such that an+ b is prime.
Example 5.28. (a) For some odd prime p let H be the group in Example 5.17.
Recall that d(H) = 3, |ζ(H)| = p and H/ζ(H) is a non-abelian T -group. Notice
also that H is monolithic with ω(H) = ζ(H) and consequently wl(H) = 3. Now let
q be a prime such that p | q − 1 and choose a faithful irreducible FqH-module M ,
whose existence is guaranteed by Theorem 2.43. Set K = MH, noting thatK clearly
has p-length 1 for all p. Lemma 2.45 and Remark 2.47 show that ω(K) = Mζ(H),
thus K/ω(K) ∼= H/ζ(H) is a T -group and wl(K) = 2. Moreover ω(K) = M ,
via Lemma 2.44, and K/M ∼= H so that wl(K) = 4. The group K shows that
Theorem 5.25(a) is best possible.
(b) Let q and r be distinct primes, with r | q − 1, and let H be the non-abelian
group of order qr. Note that H is a monolithic T -group, with non-central monolith
H ′ of order q, and that wl(H) = 2. Choose a prime p /∈ {q, r} and let P be the
p-group of class 2 described in Theorem 2.49. Recall that the semidirect product
PH is monolithic and Z = ζ(PH) = ζ(P ) has order p. Now choose a prime
s /∈ {p, q, r} such that p | s− 1, let M be a faithful irreducible Fs(PH)-module and
set L = MPH. Again by Lemma 2.45 and Remark 2.47 we have ω(L) = MZ, thus
L/ω(L) ∼= PH/Z. Now PH/Z has normal abelian Sylow p-subgroup P/Z so that
P/Z 6 ω(PH/Z) by Lemma 2.29; in fact equality must hold since ω(PH/Z)/(P/Z)
is central, by Theorem 2.26(m), yet PH/P ∼= H has trivial centre. It follows that
ω2(L) = MP and, since L/MP ∼= H is a T -group, that wl(L) = 3. Lemma 2.44
again shows that ω(L) = M , thus
wl(L) = 1 + wl(L/M) = 1 + wl(PH) = 1 + 2 + wl(H) = 5,
appealing to part (f) of Theorem 2.49. The group L shows that Theorem 5.25(b) is
best possible.
(c) Now suppose q and r are odd primes, with r dividing q−1, and p = 2. Define
H and P as in part (b) and again set Z = ζ(PH) = ζ(P ), a subgroup of order 2.
Choose an odd prime s /∈ {q, r} and let S be the class 2 s-group in Theorem 2.49 for
which PH is a group of operators. Here C = ζ(SPH) = ζ(S) has order s. Finally
for some odd prime t /∈ {s, q, r}, with s | t − 1, let M be a faithful irreducible
Ft(SPH)-module and set G = MSPH. As usual ω(G) = MC and ω(G) = M .
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Now S/C is a direct sum of faithful irreducible Fs(PH)-modules and the centre Z
of PH has order 2, thus it follows from Corollary 2.46 that ω(SPH/C) = SZ/C
and therefore that ω2(G) = MSZ. Furthermore G/MSZ ∼= PH/Z and in part (b)
we saw that wl(PH/Z) = 2. Therefore wl(G) = 4 and
wl(G) = 1 + wl(G/M) = 1 + wl(SPH)
= 1 + 2 + wl(PH) = 1 + 2 + 2 + wl(H) = 7,
via Theorem 2.49(f) again. The groupG shows that Theorem 5.25(c) is best possible.
It is not difficult to construct a group G with wl(G) = 5 and wl(G) = 9: simply
replace the T -group H in part (c) of Example 5.28 by a monolithic group K with
wl(K) = 2 and wl(K) = 4. However the only such groups K we have been able to
construct necessarily have even order, as in Example 5.28(a). In particular the group
G has 2-length equal to 2, and therefore fails to establish that Theorem 5.25(d) is
best possible. This raises the following question:
Question 5.29. Does there exist a group K with odd order (and p-length 1 for all
p) such that wl(K) = 2 and wl(K) = 4?
Compare this with Camina’s observation, in [8, Theorem 5], that any group of odd
order and Wielandt length 2 has derived length at most 3. Similar arguments to
those used above show that a minimal example K has the following properties:
(i) K is monolithic, and Op′(G) = 1 for some p;
(ii) K has a normal Sylow p-subgroup P ;
(iii) ω(K) = ω(P );
(iv) wl(P ) = 2 and c(P ) = 3;
(v) K/P is cyclic of order dividing p− 1;
(vi) K/P acts on P/ω(P ) as a universal power automorphism.
While the structure of P is well understood, due to the work of Ormerod [29] men-
tioned in Section 5.2, the problem of deciding whether such a K exists remains
difficult.
It is of course possible that, in the class of groups with p-length 1 for all p, groups
of Wielandt length 5 have strong Wielandt length at most 8. On the other hand
we are able to construct a group G in this class with wl(G) = 6 and wl(G) = 10:
replace H in part (c) of Example 5.28 by an odd order group L from part (b),
ensuring that all of the primes chosen are distinct. Thus we ask
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Question 5.30. Does every group G (with p-length 1 for all p) in which wl(G) = 6
necessarily have wl(G) 6 10?
In Bryce and Cossey’s proof of the bounds on derived length in terms of Wielandt
length in [7], it was enough to prove the result for Wielandt length at most 3 and
apply induction. This is justified by the fact that, for a soluble group G with normal
subgroup N ,
d(G) 6 d(N) + d(G/N).
The same is not true of strong Wielandt length, since it is not true of nilpotency
class: any metabelian p-group P has c(P ′) + c(P/P ′) 6 2, yet c(P ) can be as large
as we like. A much stronger result, of which Theorem 5.25(b) is a special case, is
needed before induction can be applied:
Question 5.31. Does every G (with p-length 1 for all p) satisfy ω3(G) 6 ω5(G)?
The answer to this question is unknown even for nilpotent groups. We do know that
there exist p-groups P with ω2(P ) 
 ζ3(P ), for example the 5-group mentioned in
Example 5.13(b). Thus it seems reasonable to expect that a central extension of
such a group might answer the next question in the affirmative, although we have
been unable to find an example.
Question 5.32. Does there exist a p-group P such that ω2(P ÷ ζ(P )) 
 ζ4(P )?
If such groups exist then there is a monolithic example P . Choose a prime q, with
p | q − 1, and a faithful irreducible FqP -module M . Then G = MP has Wielandt
series given by
ωi(G) = Mωi−1(P ÷ ζ(P )) for i > 1,
and strong Wielandt series
ωj(G) = Mζj−1(P ) for j > 1.
Taking i = 3 and j = 5 would answer Question 5.31 in the negative.
It is apparent that much more information about the Wielandt structure of
nilpotent groups is needed before significant progress can be made on the general
question of how strong Wielandt length is bounded by Wielandt length.
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5.7 Class of Sylow subgroups
Definition 5.33. Let G be a finite group and p a prime. The Sylow class of G,
denoted cP(G), is the maximum among the classes of its Sylow subgroups, that is
cP(G) = max
p∈pi(G)
c(Gp).
In [1, 4.2.3] Ali proves that the Wielandt length of a supersoluble group is at
most one more than its Sylow class. Another straightforward consequence of Corol-
lary 5.14 is that this result can be improved to
Theorem 5.34. If G is a finite group and G′ is nilpotent then wl(G) 6 cP(G) + 1.
Proof. A minimal counter-example is monolithic and therefore has normal Sylow
subgroup P = FitG. Let c = cP(G), then it is clear that c = c(P ) and so P 6 ωc(G)
by Lemma 2.29. The result follows since G/P is abelian by hypothesis.
By virtue of examples constructed in Section 4.3 of [1], this result is best possible.
Ali’s method of proof is to show that if P is a non-abelian Sylow subgroup of a
supersoluble group G, then the nilpotency class of Pω(G)/ω(G) is at most c(P )− 1
(see [1, 4.1.8]). It is not difficult to show that the same is true of the non-abelian
Sylow subgroups of G/ω(G), where G is nilpotent-by-abelian, and so this method
can be adapted to give a different proof of Theorem 5.34. A third proof follows
directly from the following more general result.
Lemma 5.35. Let G be a finite group with c = cP(G). Then FitG 6 ωc(G).
Proof. Each Sylow subgroup Gp of G has class at most c so that
FitG =
∏
p
Op(G) =
∏
p
(ζc(Gp) ∩Op(G)) 6 ωc(G)
by Lemma 2.32.
The advantage of this approach is that it immediately gives the following in-
formation about the relationship between strong Wielandt length, Sylow class and
nilpotent length in any finite soluble group.
Theorem 5.36. If G is a finite soluble group then wl(G) 6 cP(G) · l(G).
72 CHAPTER 5. BOUNDS ON STRONG WIELANDT LENGTH
Proof. Set c = cP(G), n = l(G) and F = FitG, noting that the case n = 1 is proved
in Lemma 5.35. Since F 6 ωc(G) by that result, and clearly cP(G/F ) 6 c, we have
wl(G) 6 c+ wl(G/F ) 6 c+ cP(G/F ) · l(G/F ) 6 c+ c(n− 1) = cn,
by induction on n.
Of course Wielandt length is also bounded by the product of Sylow class and
nilpotent length, and the next example shows that these results are best possible.
Example 5.37. Fix positive integers c and n and choose a list pi = {p1, . . . , pn} of
distinct primes. Let Hi be a pi-group of class c and then define
G1 = H1, Gi+1 = Hi+1 oGi for i > 1.
Each Sylow subgroup of Gn, being a direct power of some Hi, has class exactly c
and so cP(Gn) = c. By Lemma 2.42 and induction it is clear that l(Gn) = n and
wl(Gn) = cn.
Suppose that in addition each Hi has Wielandt and strong Wielandt series which
coincide. Then wl(Gn) = cn, again by Lemma 2.42 and induction. If pi is chosen so
that each pi > c then we can construct such a sequence of Hi’s as follows:
set Ki = Cpi o Cpi and Hi = Ki/ζpi−c(Ki).
Since they are generated by elements of order pi, the non-trivial quotients of Ki have
Wielandt and upper central (strong Wielandt) series which coincide, by Lemma 2.39.
Also c(Ki) = pi so that c(Hi) = pi− (pi− c) = c and Hi has the required properties.
5.8 Strong Wielandt length of subgroups
It is well known that every subgroup of a finite soluble T -group is also a T -group
(see for example [34, 13.4.7]), but that in general there is no bound on the Wielandt
length of subgroups in terms of the Wielandt length of the parent group. Indeed
there are groups of Wielandt length 2 which have a Sylow subgroup of arbitrarily
large Wielandt length (see Section 6 of [11], Section 5.1 of [1] or Example 5.43
below).
However Ali has shown in [2] that if a finite group has p-length 1 for all primes
p then its Wielandt length bounds that of its subgroups. This is a corollary to
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the fact, proved in [2, 3.4], that such groups G are characterised by the following
property:
G is soluble and HN/N ∩ ω(G/N) 6 ω(HN/N) for all H 6 G and N G. (5.8)
In this section we will see that the story for strong Wielandt length is very similar:
the strong Wielandt analogue of (5.8) also characterises groups of p-length 1 for all p.
In fact the assumption of solubility can be dropped in both cases, thanks to the next
observation. Notice that it also provides a converse to the result of Gaschu¨tz [16]
concerning subgroups of finite soluble T -groups (see [34, 13.4.7]).
Lemma 5.38. If every proper subgroup of a finite group G is a T -group then G is
soluble.
Proof. By induction on |G| we may assume that every proper subgroup of G is
soluble. In particular every proper subgroup of G is supersoluble, being a T -group,
and we conclude from a result of Huppert [20] that G itself is soluble (see for example
[21, VI.9.6]).
Corollary 5.39. Let G be a finite T -group. Then every subgroup of G is a T -group
if and only if G is soluble.
We now show that the assumption of solubility is unnecessary in Ali’s character-
isation (5.8).
Corollary 5.40. If G is a finite group satisfying
HN/N ∩ ω(G/N) 6 ω(HN/N)
for all H 6 G and N G, then G is soluble.
Proof. Since the class of all such groups is clearly Q-closed, it suffices to show that
a minimal normal subgroup M of G is soluble. If H 6M then
H = H ∩M 6 H ∩ ω(G) 6 ω(H),
thus every subgroup of M is a T -group and the result follows from Lemma 5.38.
The proof of our main result is otherwise based on that of Ali.
Theorem 5.41. A finite group G has p-length 1 for all primes p if and only if
HN/N ∩ ω(G/N) 6 ω(HN/N) (5.9)
for all H 6 G and N G.
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Proof. Denote by L the class of finite groups with p-length 1 for all p, and by I the
class of finite groups G satisfying (5.9) for all H 6 G and N G.
Let G be minimal in I \ L. Since I is clearly Q-closed and L is a saturated
formation it follows that FratG = 1 and G is monolithic, with monolith M say.
Note that Op′(G) = 1 for some prime p. If M is non-abelian then it is insoluble and
thus contains a subgroup H which is not a T -group, by Lemma 5.38. In particular
ω(H) 6= H, yet the facts that M 6 ω(G) and G ∈ I show
H = H ∩M 6 H ∩ ω(G) 6 ω(H),
a contradiction. Therefore M must be abelian and from [14, A,10.6] we conclude
that M = Op(G) and M is complemented in G by a subgroup Q. Let C = CQ(M),
then C is clearly normalized by both Q and M . Therefore C  G, but C ∩M = 1
and so C = 1. Now if P ∈ Sylp(Q) then
M 6 PM ∩ ω(G) 6 ω(PM) = ζ(PM),
since G ∈ I and PM is nilpotent. Therefore [P,M ] = 1 and P 6 C = 1, showing
that G/M ∼= Q is a p′-group and G has p-length 1. On the other hand G has
q-length 1 for any prime q 6= p since M is a q′-group and G/M ∈ L by minimality.
This contradicts our assumption and so I ⊆ L.
Let G be minimal in L \ I and choose H 6 G and N G such that
HN/N ∩ ω(G/N) 
 ω(HN/N).
Then G/N ∈ L \ I and so N = 1 by minimality. Clearly there exists a prime p such
that H ∩ ω p(G) 
 ω p(H); set K = Op′(G). If K 6= 1 then
(H ∩ ω p(G))K/K = HK/K ∩ ω(G/K) 6 ω(HK/K) 6 ω p(HK/K)
and via the natural isomorphism HK/K → H/(H ∩K) it follows that
(H ∩ ω p(G))/(H ∩K) 6 ω p(H/(H ∩K)) = ω p(H)/(H ∩K),
since H ∩K is a normal p′-subgroup of H. This contradicts the choice of p and so
Op′(G) = 1. Let P ∈ Sylp(G), then P = FitG since G has p-length 1. In particular
ω(G) = ζ(P ). Choose any p′-perfect SH, noting that S = Op(S)(S ∩ P ). Now
H ∩ ω(G) 6 H ∩ ω(G) 6 ω(H), by [2, 3.4], thus
[H ∩ ω(G), S] 6 [ω(H),Op(S)][ζ(P ), P ∩ S] 6 Op(S).
It follows that H ∩ ω(G) 6 ω(H), a contradiction. Therefore L ⊆ I.
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Corollary 5.42. Let G be a finite group with p-length 1 for all primes p and H 6 G.
Then for any n > 0
ωn(G) ∩H 6 ωn(H) and ωn(G) ∩H 6 ωn(H).
In particular wl(H) 6 wl(G) and wl(H) 6 wl(G).
Proof. The cases n = 1 follow from [2, 3.4] and Theorem 5.41 respectively. Suppose
n > 1 and set W = ωn−1(G). Then
(ωn(G) ∩H)W/W = ωn(G)/W ∩HW/W = ω(G/W ) ∩HW/W 6 ω(HW/W ).
Applying the natural isomorphism HW/W → H/(H ∩W ) gives
(ωn(G) ∩H)/(H ∩W ) 6 ω(H/(H ∩W )).
By induction we may assume H ∩W 6 ωn−1(H) and so
ωn(G) ∩H 6 ω(H ÷ (H ∩W )) 6 ω(H ÷ ωn−1(H)) = ωn(H).
The proof for the strong Wielandt subgroup is identical, and the final statement
follows at once.
Note that if wl(G) = 2 then wl(H) 6 2 for all H 6 G, since G is metabelian
and Corollary 5.42 applies in this case. In general, however, there is no bound on
the strong Wielandt length of subgroups in terms of the strong Wielandt length of
the parent group. The following construction is originally due to Casolo. It is the
group of Wielandt length 2 mentioned at the beginning of this section.
Example 5.43. Fix a positive integer n and suppose 〈x〉 and 〈y〉 are cyclic groups
of order 2n. Let S = 〈a, b〉 be symmetric of degree 3 and set N = 〈x〉 × 〈y〉. Define
an action of S on N by
xa = y, xb = y, ya = y−1x−1, yb = x,
and write G = N o S (for example G ∼= S4 when n = 1). Now G has unique
maximal normal subgroup M = 〈N, a〉 which in turn has Fitting subgroup N of
coprime order and index. Applying Lemma 2.28 and Corollary 2.30 gives
ω(G) = ω(G) ∩M = ω(M) = ζ(N) = N.
Since G/N ∼= S has strong Wielandt length 2 it follows that wl(G) = 3. However
〈xy−1, b〉 is dihedral of order 2n+1 and therefore has nilpotency class, and indeed
Wielandt length, equal to n.
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Chapter 6
Splitting of nilpotent residuals
Recall Casolo’s observation [10] that the strong Wielandt subgroup respects direct
products of finite groups:
ω(G1 × · · · ×Gk) = ω(G1)× · · · × ω(Gk).
Our proof of this result has relied, in part, on the following fact about a subnormal
subgroup S of G1 × · · · ×Gk:
SN = pi1(S
N)× · · · × pik(SN) or equivalently pii(SN) = SN ∩Gi for all i
(see Lemma 2.35 and Theorem 2.36). In this short chapter we show that, in soluble
groups at least, this is a special case of a more general result, namely
Theorem 6.1. Let G be a finite soluble group with subnormal subgroup S and nor-
mal subgroups N1, . . . , Nk. If S
N 6 N1 · · ·Nk then SN = (SN ∩N1) · · · (SN ∩Nk).
We begin with a technical lemma which will allow us to handle the special case
of Theorem 6.1 in which S = G.
Lemma 6.2. Let G be a finite group with L,M G such that M ∩GN = 1. Then
any chief factors of G between L and LM are central.
Proof. Set R = GN and assume L 6= LM . Suppose L 6 K < H 6 LM such that
H/K is a chief factor of G. If H ∩M 6 K then
H = H ∩ LM = L(H ∩M) 6 LK = K,
in contradiction to the choice of H and K. It follows that H = (H ∩M)K and from
Lemma 2.9 that H∗/K∗ is a chief factor of G, where H∗ = H ∩M and K∗ = K ∩M .
Now
(G/K∗)N ∩H∗/K∗ = RK∗/K∗ ∩H∗/K∗ = (R ∩H∗)K∗/K∗ 6 (R ∩M)K∗/K∗ = 1
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and H∗/K∗ must be central, by Lemma 2.10. Finally H/K is central in G/K since
[G,H] = [G,H∗K] 6 K.
Lemma 6.3. Suppose G is a finite group with normal subgroups N1, . . . , Nk. If
GN 6 N1 · · ·Nk then GN = (GN ∩N1) · · · (GN ∩Nk).
Proof. Write R = GN and set J = R ∩N1. Then
(G/J)N = R/J 6 (N1/J)(N2J/J) · · · (NkJ/J)
and if J 6= 1 induction on |G| shows that
R = (R ∩N1)(R ∩N2J) · · · (R ∩NkJ)
= (R ∩N1)(R ∩N2)J · · · (R ∩Nk)J = (R ∩N1) · · · (R ∩Nk).
By the same argument we may assume R∩Ni = 1 for all i = 1, . . . , k; it remains to
show R = 1.
Define L0 = 1 and Li = N1 · · ·Ni for i = 1, . . . , k. Applying Lemma 6.2 succes-
sively to the subgroups L = Li and M = Ni+1 shows that
1 = L0 6 L1 6 · · · 6 Lk 6 G
can be refined to a G-series with central factors; here we also use the fact that G/Lk
is nilpotent by hypothesis. Thus G itself is nilpotent and R = 1.
Recall that the cosocle of G, denoted CosocG, is defined to be the intersection
of all maximal normal subgroups of G. To reduce to the special case S = G we will
use a property of the cosocle which can be thought of as a subnormal analogue of
the non-generator property of the Frattini subgroup. A subset X of G is said to be
subnormally non-generating if SG and G = 〈S,X〉G always implies G = S.
Lemma 6.4. The subnormally non-generating subsets of a finite group G are pre-
cisely the subsets of CosocG.
Proof. A subset X ⊆ G is subnormally non-generating if and only if 〈S,X〉G 6= G
for all proper SG, and this holds if and only if 〈M,X〉G 6= G for all M · G,
that is if and only if X ⊆M for all M · G.
In particular we have
Corollary 6.5. Let G be a finite soluble group and SG. If G = GNS then
S = G.
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Proof. Maximal normal subgroups of a soluble group have abelian quotient group,
thus GN 6 CosocG and the result follows directly from Lemma 6.4.
(Corollary 6.5 can be proved directly without the assumption of finiteness: for if
N = SG then G/N = GNN/N = (G/N)N so that G/N is trivial, being soluble and
perfect, and N = G implies S = G. Indeed Lemma 6.4 also holds in the general
case where G is possibly infinite: proceed as in [34, 5.2.12], applying Zorn’s lemma
via [34, 3.3.14] with Ω = InnG.)
We are now able to complete the proof of the theorem.
Proof of Theorem 6.1. For a fixed integer k suppose the claim is false and choose
a counter-example with |G| + |N1| + · · · + |Nk| minimal. Set N = N1 · · ·Nk and
R = GN . Now G = SN by minimality of |G| and so R = SNNN 6 N . From
Lemma 6.3 we have
SN 6 R = (R ∩N1) · · · (R ∩Nk). (6.1)
By the minimality of |Ni| we must have R ∩Ni = Ni for each i. Therefore R = N
and in particular G = SR, but then Corollary 6.5 shows that S = G and equality
holds in (6.1), a contradiction.
It is clear that the hypotheses on the Ni’s in Theorem 6.1 can be weakened to
Ni is normalized by each Nj and by S;
simply replace G by SN1 · · ·Nk. The next example shows that we cannot weaken
this hypothesis further to
Ni is normalized by each Nj and by S
N.
Example 6.6. Let G = C3 o C2 with presentation
G =
〈
x, y, t |x3 = y3 = [x, y] = t2 = 1, xt = y〉 .
If N1 = 〈x〉 and N2 = 〈y〉 then
GN = G′ =
〈
x2y
〉
6 〈x, y〉 = N1N2.
Since 〈x, y〉 is abelian the subgroups GN , N1 and N2 normalize each other, yet clearly
GN ∩Ni = 1 for i = 1, 2.
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Chapter 7
Further research
We conclude by highlighting some of the more important open questions raised in
this thesis, and discussing briefly how we might answer them.
7.1 Conjecture A
Recall from Chapter 3 our main conjecture concerning the relationship between the
Wielandt and strong Wielandt series of a finite soluble group:
Conjecture A. If G is a finite soluble group then ω(G) 6 ω2(G).
Significant progress can be made if we are able to assume Op′(G) = 1 for some
prime p, for then Theorem 2.26(m) and Corollary 3.7 show that we may also assume
that ω(G) is nilpotent. To this end it would be useful to be able to reduce the proof of
Conjecture A to showing ω p(G) 6 ω p2 (G) for every prime p; induction on |G| would
immediately yield Op′(G) = 1. While Example 2.27 shows that in general the second
terms of the local strong Wielandt series do not have the same intersection property
as the first terms, it is straightforward to verify that Conjecture A is equivalent to
Conjecture B. If G is a finite soluble group then
(a) ω p(G) 6 ω p2 (G) for every prime p; and
(b)
⋂
p
(ω p(G) ∩ ω p2 (G)) = ω(G) ∩ ω2(G).
In an attempt to settle part (b) we make the following conjecture:
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Conjecture C. Let p be a prime and G a finite soluble group with p-perfect sub-
normal subgroup R and U = ω p(G). Then
Op(RU) = Op(R)Op(U).
Using the same argument as in Lemma 3.16 we see that a proof of Conjecture B(b)
can be reduced to showing
if P is a Sylow p-subgroup of G, S is a p′-perfect subnormal subgroup
of G and g ∈ ω(G) ∩ ω p2 (G) ∩ P , then [S ∩ P, g] 6 Op(S)ω(G).
(7.1)
Setting U = ω p(G) and R = Op(S) we have [S, g] 6 RU since g ∈ ω p2 (G). Also
[S, g] is nilpotent by Theorem 2.26(m), since g ∈ ω(G), and of course [S∩P, g] 6 P .
Appealing to Conjecture C and Theorem 2.26(i) gives
[S ∩ P, g] 6 FitG ∩ P ∩RU = Op(RU) = Op(R)Op(U) 6 Rω(G),
and (7.1) would be established.
In summary if Conjecture C holds then Conjecture A may be proved with the
additional hypotheses that Op′(G) = 1 for some prime p and ω(G) is nilpotent.
7.2 A weaker strong Wielandt subgroup
In Theorem 3.14 we established that all finite soluble groups G satisfy
[ω(G),FitG] 6 ω(G),
a necessary condition for Conjecture A. This shows that ω(G)/ω(G) centralizes
certain nilpotent subnormal subgroups of G/ω(G). In fact we require the stronger
condition that ω(G)/ω(G) centralize the entire Fitting subgroup of G/ω(G), that is
[ω(G),Fit(G÷ ω(G))] 6 ω(G). (7.2)
While we have been unable to prove this result in general, it would be a corollary
to an interesting conjecture: that to define the strong Wielandt subgroup we need
only find the intersection of the strong normalizers of normal subgroups.
Definition 7.1. Let G be a finite group and p a prime. The weak Wielandt subgroup
is defined by
χ(G) =
⋂
HG
NG(H),
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and the p-weak Wielandt subgroup is defined by
χ p(G) =
⋂
HG
H p′-perfect
NG(H).
Conjecture D. If G is a finite soluble group then ω(G) = χ(G).
As we have come to expect the class of groups with p-length 1 for all primes p is
easy to deal with. If G is such a group then
NG(Op′p(G)) 6 CG(Op′p(G)/Op′(G)) = ω(G÷Op′(G)) = ω p(G),
via Corollary 2.30, and so
ω(G) 6 χ(G) 6
⋂
p
NG(Op′p(G)) 6
⋂
p
ω p(G) = ω(G).
In general the weak Wielandt subgroup and its local versions have some of the
same useful properties as their strong Wielandt counterparts. Compare the next re-
sult with Theorem 2.26(c) and (g). Its proof can be obtained from that offered in [10]
simply by restricting our attention to the strong normalizers of normal subgroups.
Lemma 7.2. Let G be a finite group, then
(a) χ p(G) = χ p(G÷Op′(G)) = χ(G÷Op′(G)) for any prime p;
(b) χ(G) =
⋂
p χ
p(G).
Since the weak Wielandt subgroup clearly centralizes the Fitting subgroup we also
have the following.
Lemma 7.3. If G is a finite soluble group then χ(G) 6 ζ(FitG), and in particular
χ(G) is abelian.
We now show that the weak Wielandt subgroup satisfies a result analogous to
the necessary condition (7.2).
Theorem 7.4. If G is a finite soluble group then [ω(G),Fit(G÷ χ(G))] 6 χ(G).
Proof. Since
⋂
p Fit(G ÷ χ p(G)) = Fit(G ÷ χ(G)), by Lemma 4.12, it suffices to
show [ω p(G),Fit(G ÷ χ p(G))] 6 χ p(G) for any prime p. By induction on |G| we
may assume Op′(G) = 1 for some prime p, so that ω
p(G) = ω(G) and χ p(G) = χ(G).
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Set W = ω(G), F = FitG and E = Fit(G ÷ χ(G)). If W is non-nilpotent then
Theorem 2.26(m) and Corollary 3.7 give
[W,E] 6 F = ω(G) 6 χ(G).
Thus we may assume W is nilpotent and in particular that
W = W ∩ E 6 ω(E).
Now EN 6 χ(G) and χ(G) is abelian, thus appealing to Corollary 3.10 shows that
[W,E] 6 [ω(E), E] 6 ω(E).
Of course F = FitE and so [W,E, F ] = 1, that is [W,E] strongly normalizes all
nilpotent normal subgroups of G. On the other hand if H  G with R = HN 6= 1
then induction on |G| shows that
[W,E]R/R 6 [ω(G/R),Fit(G/R÷ χ(G/R))] 6 χ(G/R)
and consequently [W,E,H] 6 R. Thus [W,E] strongly normalizes all non-nilpotent
normal subgroups of G, and this completes the proof.
Clearly (7.2) holds if Conjecture D does; in fact since
[ω(G),Fit(G÷ ω(G)] 6 ω(G) ∩ [ω(G),Fit(G÷ χ(G))] 6 ω(G) ∩ χ(G)
it suffices to establish the following weaker conjecture:
Conjecture E. If G is a finite soluble group then ω(G) ∩ χ(G) = ω(G).
In [6] Bryce introduced and investigated another generalisation of the Wielandt
subgroup, where the intersection of normalizers is taken over those subnormal sub-
groups with defect at most some given integer m. Conjecture D would soon dispel
any interest in mimicking this construction for the strong Wielandt subgroup, but
Bryce’s findings are encouraging. For m > 4 he found a common result for the re-
strictions placed on the polynilpotent structure of groups with a given m-Wielandt
length. This shows that in some sense the complexity of a group’s Wielandt struc-
ture is determined by its subnormal subgroups of small defect. We therefore expect
that strong Wielandt structure is also determined by subgroups of small defect,
perhaps even defect 1 as conjectured.
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7.3 Wielandt and strong Wielandt length
A number of interesting questions about the Wielandt length and strong Wielandt
length of groups arise from Chapters 4 and 5.
Corollary 5.14 has been an invaluable tool in the study of the subnormal structure
of certain classes of groups with p-length 1 for all primes p. It would be very useful
to be able to apply these results to larger classes of groups, but in Example 4.17 we
saw that the subgroup function ω is not subdirect on S, nor for that matter on N3
or A4. That is, there exists a group G ∈ N3 ∩A4 with normal subgroups N1 and N2
such that N1 ∩N2 = 1 but
ω(G) 6= ω(G÷N1) ∩ ω(G÷N2).
However this particular group has derived length and strong Wielandt length both
equal to 4 and, since the class of soluble groups with bounded derived length is a
formation, at least one of the subdirect factors G/Ni must also have strong Wielandt
length 4. Likewise every other counter-example G,N1, N2 to the subdirectness of ω
that we have been able to find still satisfies
wl(G) = max
i
{
wl(G/Ni)
}
,
and so we ask
Question 7.5. Is the class of (finite soluble) groups with strong Wielandt length
at most n closed for subdirect products?
Corollary 5.14 has been especially useful in studying the subnormal structure of
odd order metabelian groups. A complete description of the interaction between the
Wielandt and strong Wielandt series appears in Theorem 5.21, thanks to the work
of Ormerod on the odd order metabelian p-groups, Theorem 5.11. Some extensions
to the class of all metabelian groups are possible. For example we know that any
p-group P with wl(P ) 6 2 satisfies c(P ) 6 wl(P ) + 1 (see Corollaries 3.3 and 5.6).
Adapting the proof of Theorem 5.21 gives
Theorem 7.6. If G is a finite metabelian group in which the Sylow 2-subgroups
have Wielandt length at most 2, then wl(G) 6 wl(G) + 1.
The same conclusion holds if we explicitly force restrictions on the nilpotency class
of Sylow 2-subgroups.
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Theorem 7.7. Let G be a finite metabelian group with Sylow 2-subgroup P . If
c(P ) 6 wl(G) + 1 then wl(G) 6 wl(G) + 1.
A satisfactory generalisation to all metabelian groups can only be obtained when
we know the answer to the following difficult question.
Question 7.8. What is the bound on the nilpotency class of a metabelian 2-group
in terms of its Wielandt length?
Finally we consider a possible extension of Ali’s results on how the Wielandt
length of a supersoluble group is influenced by the Wielandt length of its Sylow
subgroups. In [1, 4.2.2] he proves the following:
Theorem 7.9. Let G be a supersoluble group and n = 1 or 2. If wl(P ) 6 n for
each Sylow subgroup P of G then wl(G) 6 n+ 1.
This can be extended to arbitrary n and groups which are nilpotent-by-abelian, or
indeed nilpotent-by-T -group, if the following generalisation of Lemma 2.31 holds
(compare with Lemma 2.32).
Conjecture F. Let p be a prime and G a finite group with Sylow p-subgroup P .
Then ωn(P ) ∩Op(G) 6 ωn(G) for all n > 0.
If wl(Gp) 6 n for every Sylow subgroup Gp of G, then appealing to Conjecture F
would give
FitG =
∏
p
Op(G) =
∏
p
(ωn(Gp) ∩Op(G)) 6 ωn(G).
When G/FitG is a T -group, in particular when G is supersoluble, we would conclude
that wl(G) 6 n+ 1. More generally Conjecture F would show wl(G) 6 n · l(G) for
any finite soluble group G, and this bound would be best possible by Example 5.37
(compare with Theorem 5.36).
Appendix A
Cited results
The following is a complete list of results which we have cited. Note that they appear
here exactly as they do in their source, and consequently some of the notation will
differ from that used in the main body of this thesis.
[1, 4.1.8] Let G be a supersoluble group and suppose a Sylow p-subgroup of G has
nilpotency class n > 1. Then a Sylow p-subgroup of G/ω(G) has nilpotency class at
most n− 1.
[1, 4.2.3] If G is a supersoluble group and n is the maximum of the nilpotency
classes of the Sylow subgroups of G, then G ∈ Wn+1.
In the next result R is the class of finite groups with p-length 1 for all primes p,
and L is the class of finite soluble groups G in which (HN/N)∩ω(G/N) ⊆ ω(HN/N)
for every H 6 G and N G.
[2, 3.4] L = R.
[7, 3.2] Let N be a normal subgroup of G.
(i) If N is a p′-group, then ω p(G) ⊇ N and ω p(G/N) = ω p(G)/N .
(ii) If G/N is a p′-group then ω p(N) = ω p(G) ∩N .
(iii) ω p(G) ⊇ Op′(G) and ω p(G)/Op′(G) ⊇ σ(G/Op′(G)).
(iv) If G/N is a p′-group then Op(ω p(N)) = Op(ω p(G)).
[7, 3.4] Let G be a group for which ω p(G)/Op′(G) is non-abelian, p odd. Then
Op′p(G) = Op′p(ω
p(G)); in particular Op′p(G)/Op′(G) is abelian.
[7, 3.5] Let G be a 2-group with ω 2(G) non-abelian. Then ω 2(G) = G.
[7, 3.6] Let G be a group for which ω 2(G)/O2′(G) is non-abelian. Then G/O2′(G)
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is a subdirect product of two groups H, K, where O2(H) is a non-abelian Dedekind
group with H/O2(H) isomorphic to a subgroup of S3, and ω
2(K) is an abelian 2-
group.
[7, 3.7] ω(G) =
⋂
p∈Π ω
p(G).
[7, 3.8] (i) If G/N is a p′-group then Op(ω p(N)) = Op(ω(G)).
(ii) For p a prime ω(G/Op′(G)) = ω
p(G)/Op′(G).
[7, 3.10] ω(G)/F (ω(G)) ⊆ ζ(G/F (ω(G))).
[7, 4.2] Let H be a group with central subgroup Z whose factor group H/Z is a
T -group.
(i) If Z is a 2-group then H is metabelian.
Let F (H) = M0 × . . . ×Mt be the Sylow decomposition of F (H), where M0 is the
Sylow 2-subgroup (M0 = 1 is allowed); M1, . . . ,Ms are non-abelian (s 6 t). Let
Ci = CH(Mi/(Mi ∩ Z)) and C =
⋂{Ci : 1 6 i 6 s}.
(ii) (a) C is metabelian and H/C is an elementary abelian 2-group,
(b) [H,Aut(H)] 6 C,
(c) if H is not metabelian then s > 0.
[8, Proposition 1] If G is a finite soluble group of Wielandt length n, then G has
Fitting length 6 n+ 1.
[8, Lemma 4] If G is a group of odd order such that G/Z(G) is a T -group then G
is metabelian.
[10, Proposition 1] Let G be a group, pi(G) the set of all primes dividing |G|, σ(G)
the socle of G. Then:
i) ω(G) =
⋂
p∈pi(G)
ω p(G).
ii) ω(G) ≥ σ(G).
[10, Lemma 2] Let G be a p-soluble group, and K = Op′(G). Then ω
p(G) ≥ K
and ω p(G)/K = ω p(G/K) = ω(G/K).
[10, Lemma 3] For every i ∈ N: ω pi (Op′(G)) 6 ω pi (G).
[14, A,7.3] Let g and h be elements of a group G.
(a) If [[g, h], g] = 1, then [gn, h] = [g, h]n for all n ∈ N.
(b) If [g, h] commutes with both g and h, then (gh)n = gnhn[h, g]n(n−1)/2.
(c) [g, hn] = [g, h][gh, h] . . . [gh
n−1
, h] for all n ∈ N.
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[14, A,10.6] Let G be a finite group:
(a) CG(F (G))F (G)/F (G) contains no non-trivial soluble normal subgroup of
G/F (G); in particular, CG(F (G)) ≤ F (G) when G is soluble.
(b) If N is a minimal normal subgroup of G, then F (G) ≤ CG(N); furthermore,
if N is abelian, then N ≤ Z(F (G)).
(c) (i) The Fitting subgroup F (G/Φ(G)) equals F (G)/Φ(G) and is the product of
the abelian minimal normal subgroups of G/Φ(G), all of which are complemented.
Furthermore, F (G)/Φ(G) is complemented in G/Φ(G) and G/Φ(G) is isomorphic
with the semidirect product [F (G)/Φ(G)](G/F (G)).
(ii) Assume that
EITHER G is soluble
OR G is p-soluble and Op′(G) = 1.
Then
F (G)/Φ(G) = CG/Φ(G)(F (G)/Φ(G)) = Soc(G/Φ(G)).
In particular, G/F (G) is represented faithfully as a group of automorphisms of
F (G)/Φ(G) and if G 6= 1, then Φ(G) is a proper subgroup of F (G).
(d) If G is soluble and F (G)/Φ(G) ≤ Z∞(G/Φ(G)), then G is nilpotent.
[14, A,12.6] If Q is a pi′-group of operators for an abelian pi-group P , and if
[P,Q] = P , then [R,Q] = R for every Q-admissible subgroup R of P .
[14, A,12.7]Let R be a pi-perfect group of operators for a pi-group P. If [P/Φ(P ),R]=1
then [P,R] = 1.
[14, A,18.2] Let W = X ∩∪αG.
(a) If Y ≤ X, then Y \ is normalized by G, and if Y X, then Y \ W .
(b) If H ≤ G and β = αH , then X\H ∼= X ∩∪βH.
(c) If Y ≤ X, then Y \G ∼= Y ∩∪αG ≤ W .
(d) If Y X, then W/Y \ ∼= (X/Y ) ∩∪αG.
[14, B,9.8] Let A be abelian group of order n, let F be a field, and let V be a simple
FA-module which is faithful for A. Then:
(a) A is cyclic, and (n, p) = 1 if Char(F ) = p > 0;
(b) There exists an extension field K of F containing a primitive nth root of
unity ε such that V is isomorphic with K regarded as the FA-module described in
(9.7);
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(c) K = F (ε) = F ( n
√
1) and DimF (V ) = |K : F |;
(d) If F = Fq, where q is a prime power, and if m is the smallest natural number
such that n divides qm − 1 (that is to say, m = o(q)(modn)), then K = Fqm, and,
in particular, DimF (V ) = m. Furthermore, EndFA(V ) = K in this case.
[14, B,10.9] (Gaschu¨tz [15]). A group G has a faithful irreducible representation
over a field K if and only if SocA(G) is generated by a single G-conjugacy class of
elements and Op(G) = 1 when Char(K) = p > 0.
[14, IV,5.18] (G. Higman [19], Carter and Hawkes [9], Shult [36]) Let F be a
saturated formation, let R denote the F-residual of a group G, and assume that R
is abelian. Then R is complemented in G, and its complements are precisely the
F-projectors of G.
[21, III,13.4] (Zassenhaus). a) Sei A ein abelscher Normalteiler von G mit
(|A|, |G/A|) = 1. Dann gilt
A = [A,G]× (A ∩ Z(G)).
b) Sei A eine abelsche G-Gruppe mit (|A|, |G|) = 1. Dann gilt (mit den Beze-
ichnungen aus 13.2) A = [A,G]×CA(G).
[21, VI,7.22] Sei K = GF (p) und seien V1 und V2 K[G]-Moduln von endlicher
Dimension u¨ber K. Die Menge
P = {(x, y) |x ∈ V1 ⊕ V2, y ∈ V1 ⊗ V2}
mit der Multiplikation
(v1 + v2, w)(v
′
1 + v
′
2, w
′) = (v1 + v′1 + v2 + v
′
2, v1 ⊗ v′2 + w + w′)
ist dann eine p-Gruppe mit
{(0, y) | y ∈ V1 ⊗ V2} = P′ 5 Z(P).
Machen wir V1 ⊗ V2 durch (v1 ⊗ v2)G = v1 G⊗ v2 G zu einem G-Modul, so wird P
durch die Festsetzung
(x, y)G = (xG, y G)
eine G-Gruppe.
[21, VI,9.6] (Huppert [20]). Ist jede maximale Untergruppe von G u¨berauflo¨sbar,
so ist G auflo¨sbar.
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[22, VII,8.6] Suppose that V and W are irreducible KG-modules. Then the following
assertions, in which K is regarded as the module for the trivial representation of G,
are equivalent.
a) V∗ ∼= W.
b) V ⊗K W has a factor module isomorphic to K.
c) V ⊗K W has a submodule isomorphic to K.
[22, IX,5.1] Suppose that G is p-soluble and P ∈ Sp(G).
a) Suppose that H ≤ P and H 6≤ Op′,p(G). If p > 3, there exist x ∈ H and y ∈ P
such that [y, x, x, x] 6= 1. If p = 3 and the Sylow 2-subgroups of G are Abelian, there
exist x ∈ H and y ∈ P such that [y, x, x] 6= 1.
b) Suppose that N = P. If p > 3 and the class of N is at most 2,
N ≤ Op′,p(G). If p = 3, N is Abelian and the Sylow 2-subgroups of G are Abelian,
then N ≤ Op′,p(G).
[22, IX,8.5] (ito [23]). Suppose that G is a p-soluble group and that G has a faithful
representation of degree n in a field K, where char K does not divide |G| and n < p.
Then the Sylow p-subgroups of G are Abelian. Further, either the Sylow p-subgroup
of G is normal, or |G| is even and n = p− 1 = 2m for some positive integer m.
[24, 2.1.7] (Schur 1904) Let Z be a central subgroup of G. Then G′∩Z is isomorphic
to the image of the transgression map Hom(Z,C∗)→M(G/Z). In particular,
(i) G′ ∩ Z is isomorphic to a subgroup of M(G/Z),
(ii) G′ ∩ Z ∼= M(G/Z) if the above map is surjective.
[24, 2.4.8] M(Qn) = 1 for all n > 1.
[26, 5.4] Let the group G be generated by a1, a2, . . . , ar. Then Gn/Gn+1 is abelian
and is generated by the cosets of the simple n-fold commutators
(aρ1 , . . . , aρn)
where ρi ∈ {1, 2, . . . , r}.
[27, 34.51] If A is metabelian, x ∈ A′, then
[x, y1, . . . , yn] = [x, ypi(1), . . . , ypi(n)]
for any permutation i→ pi(i).
The following definitions are needed to state the next result. For an odd prime
p and natural numbers r and n, denote by L(p, r, n) the free group on n generators
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in the variety of nilpotent groups of class at most 2 and exponent pr. Also set
H(p, r) =
〈
x, y
∣∣∣ [y, x, x] = xpr , [y, x, y] = ypr , xp2r = yp2r , [x, y]pr = 1〉
and
P =
〈
a, b, c
∣∣ a9 = 1, a3 = b3 = c3, [b, a, c] = [c, b, b] = 1,
[b, a, a] = [b, a, b] = [c, a, a] = [c, a, c] = [c, a, b] = [c, b, c] = a3
〉
.
If F is the free product of groups A and B then, for a natural number k, the kth
nilpotent product of A and B is A ∗Nk B = F/(γk+1(F ) ∩ [A,B]).
[29, Theorem A] Let p be an odd prime and G a finite p-group. Then G ∈ W2 if
and only if G is a homomorphic image of one of the following groups.
G(p, r, n) = H(p, r) ∗N2 L(p, r, n)
where r > 1, n > 1, or
G∗(3, 1, n) = P ∗N2 L(3, 1, n)
where n > 1.
[31, 2.1] Let G be a finite nilpotent group and let w be an element in ω2(G). Then
for any x and y in G, [w, x, x, y] = 1.
[31, 2.3] Let G be p-group of Wielandt length 3. If p > 3 then G has nilpotency
class at most 4.
[32, 2.2] Let G be a metabelian p-group with ωr(G) ⊆ ζn(G), where r ≥ 1, n ≥ 2.
Then ωr+1(G) ⊆ ζn+1(G).
[32, 2.3] Let G be a finite metabelian p-group. Then
(i) ω1(G) = ζ2(G) implies ωr(G) = ζr+1(G), r ≥ 1
(ii) ω2(G) = ζ2(G) implies ωr(G) = ζr(G), r ≥ 2.
[32, 2.5] If G is a metabelian p-group with Wielandt length at most p and with
ω(G) = ζ(G), then the class of G is equal to the Wielandt length.
[34, 3.3.12] (Remak). Let G = Drλ∈ΛGλ where Gλ is Ω-simple. Suppose that N is
a normal Ω-subgroup of G. Then G = N × Drµ∈MGµ for some M ⊆ Λ. Moreover,
if the Gλ are all nonabelian, then N is actually the direct product of certain of the
Gλ. In any case N is Ω-completely reducible.
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[34, 3.3.14] Let G be an Ω-group, let H be an Ω-subgroup and let x be an element
of G such that x /∈ H. Then there exists an Ω-subgroup K which is maximal with
respect to the properties H ≤ K and x /∈ K.
[34, 5.2.12] (Frattini). In any group G the Frattini subgroup equals the set of non-
generators of G.
[34, 5.3.7] (Dedekind, Baer). All the subgroups of a group G are normal if and only
if G is abelian or the direct product of a quaternion group of order 8, an elementary
abelian 2-group and an abelian group with all its elements of odd order.
[34, 5.4.4] Let G be a soluble group with Fitting subgroup F .
(i) If 1 6= N G, then N contains a nontrivial normal abelian subgroup of G and
N ∩ F 6= 1.
(ii) CG(F ) = ζF .
[34, 5.4.8] (Zappa). If G is a supersoluble group, there is a normal series
1 = G0 < G1 < · · · < Gn = G
in which each factor is cyclic of prime or infinite order and the order of the factors
from the left is this : odd factors in descending order of magnitude, infinite factors,
factors of order 2.
[34, 5.4.10] If G is a supersoluble group, then FitG is nilpotent and G/FitG is a
finite abelian group. In particular, G′ is nilpotent.
[34, 8.1.3] (Clifford) Let G be any group, F any field and M a simple FG-module
with finite F -dimension. Let H be a normal subgroup of G.
(i) If S is a simple FH-submodule of M , then M =
∑
g∈G Sg and each Sg is a
simple FH-module. Thus M is a completely reducible FH-module.
(ii) Let S1, . . . , Sk be representatives of the isomorphism types of simple FH-sub-
modules of M . Define Mi to be the sum of all FH-submodules of M that are
isomorphic with Si. Then M = M1 ⊕ · · · ⊕ Mk and Mi is a direct sum of
FH-modules isomorphic with Si.
(iii) The group G permutes the “homogeneous components” Mi transitively by means
of the right action on M .
(iv) If Ki is the subgroup of all g in G such that Mig = Mi, then Mi is a simple
FKi-module.
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[34, 9.1.2] (Schur, Zassenhaus). Let N be a normal subgroup of a finite group G.
Assume that |N | = n and |G : N | = m are relatively prime. Then G contains
subgroups of order m and any two of them are conjugate in G.
[34, 9.3.3] If G is a finite group, then Fitp(G) equals the intersection of the cen-
tralizers of the principal factors of G whose orders are divisible by p.
[34, 13.1.3] If H ≤ G, then HG,i = H[G, iH] for all i ≥ 0.
[34, 13.4.2] (Robinson). Every soluble T -group is metabelian.
[34, 13.4.3] Let α be a power automorphism of an abelian group A.
(i) If A contains an element of infinite order, then either α is the identity or
aα = a−1 for all a in A.
(ii) If A is a p-group of finite exponent, there is a positive integer l such that
aα = al for all a in A. If α is nontrivial and has order prime to p, then α is
fixed-point-free.
[34, 13.4.5] Let N be a normal subgroup of a finite group G and assume that the
following hold :
(i) G/N is a T -group;
(ii) H snN implies that H G;
(iii) |N | and |G : N | are relatively prime.
Then G is a T -group.
[34, 13.4.7] (Gaschu¨tz). A subgroup of a finite soluble T -group G is a T -group.
[34, 13.5.1] Let H be a subnormal subgroup of a finite group G and let pi be a set
of primes. Write R = Opi(G) and define H/M to be the largest pi-quotient group of
H. Then R normalizes M .
[37, 1.5] Jeder nachinvarianten Untergruppe A von G werde der kleinste Nor-
malteiler A∗ von A zugeordnet, dessen Faktorgruppe A/A∗ nilpotent ist. Dann
gilt fu¨r je zwei nachinvariante Untergruppen A und B von G: A∗B = BA∗,
(A ∪B)∗ = A∗B∗.
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